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ABSTRACT
For n even and p an odd prime a symplectic group Sp(n,p) is a quotient
of the Artin braid group B,41. If 81,...,8n are standard generators of
Bp41 then the kernel of the corresponding epimorphism is the normal
closure of just four elements: a‘l’, (a1 82)6,8§p+1)/2s;s(9—1)/2 3;231'132 and
(313333)*A‘131"A, where A = qaglsg”_l)/zsugu, all of them lying in
the subgroup Bs. Sp(n,p) acts on a vector space and the image of the
subgroup By of By41 in Sp(n,p), denoted Sp(n — 1, p), is a stabilizer of
one vector. A sequence of inclusions : -+ Bp4q - B -+ - induces a sequence
of inclusions - - -Sp(k, p) -Sp(k ~ 1, p)- - -, which can be used to study some
finite-valued invariants of knots and links in the 3-sphere via the Markov

theorem.

Introduction
In [A] Joachim Assion gave a very simple presentation of the symplectic group
Sp(n,3) as a quotient of the Artin braid group Bp4i1. In this paper we shall
describe a similar presentation of Sp(n, p) for any prime number p > 3.

The braid group B, was first considered by A. Hurwitz in 1891 and more
thoroughly investigated by E. Artin in 1925 . Since then it has become an
important topic in many fields of mathematics like topology, algebraic geometry,

combinatorics and group theory .
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B,, can be described abstractly as a group with generators T3, --,T,-1 and
with relations

(R1) TiTi1Ti = Tiy1TiTi41 fori=1,...,n—2,

(R2) T;T; = T;T; for l¢ — 4] > 1.

The group B, is known to be residually finite but not many finite quotients of
B,, are known explicitly. If we add the relation

(R3) @y =1

we get a group By, , investigated by Coxeter in [C] . This group is finite if and
only if 1/p+ 1/n > 1/2. For p = 2 we get the symmetric group S,.
If p = 3 then one more relation

(R6) (T, T3)* = A7 T2 A,

where A = LTy ITZ(P ~1/2) T,T2Ty, transforms By, , into a finite group G, . Forn
odd G,, is isomorphic to Sp(n, 3) and for n even Gy, is isomorphic to the stabilizer
of one vector in Sp(n + 1,3) where Sp(n + 1, 3) is considered as a group of linear
transformations of an (n + 1)-dimensional vector space over Z/3Z. This is the
result of Assion in [A] .

Our goal is to prove the following result ( for p > 3 a prime number):

THEOREM 1: Let G, be a group with generators T, --,T,_; and relations
Rl TTinTi=TiaTiTiyy fori=1,---,n-2,

R2 T;T; = T;T; forli—j|>1,

R3 ()P =1,

R¢4 (TiT2)t =1,

R5 T1(P+l’2)T;T1(’_1/2) =Ty Ty T2,

R6 (TiTyTs)* = A~'T?4, where A=T,T; TP AT, 12T,

Then a correspondence T; — T; extends to a monomorphism of Gy, into Gp41.
For n even Gp4, is isomorphic to the symplectic group Sp(n,p) and the image
of Gy, in G4, is the stabilizer of one vector .
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1. Notation and Preliminaries

Let p be a fixed prime number greater than 3 and let F be a field with p elements.
Let Vi be a k-dimensional vector space over F' with a fixed basis 6;,...,6; and
with an alternating, bilinear, intersection form given by (6;,8;41) = 1 for i =
1,...,k —1 and (6;,6;) = 0 for i — j| > 1. There is a natural sequence of
embeddings Vi C V; C --- corresponding to {6;} C {61,82} C ---. For k even
the form is non-degenerate and the symplectic group Sp(k,p) can be identified
with the group Sp(k, F) of the linear transformations of Vi which preserve the
intersection form.

Linear transformations act on vectors of Vi on the right side. For every v € V;
we denote by 6, the linear transformation of Vi defined by (u)f, = u — (u,v)v
(the symplectic transvection with respect to vector v).

Transvection with respect to a basis vector §; will be denoted by 6;. Clearly
(6,)? = 1, so we can treat exponents of transvections as elements of the field
F. For a € F we shall write 8; o for (6;)* and 6, o for (6,)®. Conjugation in a
group will be denoted by “*” so A*B = B~1AB for any pair of elements A, B in
a group.

Let e2m41 = S+83+.. . +om+. Clearly (62m+1,62m+2) =1and (e2m+1, 5,’) =
0 for i #2m + 2.

For k even define

Sp~(k, F) = Sp(k, F) = {h € Aut(Va)|((w)h, (v)}) = (u,v) for all u,v € Vi)

and Sp~(k — 1,F) = Stabsy(x,)(ex-1). Then Sp™(k — 2, F) can be identified
with Stabsy(x, 7y {€x-1,8 }. If b € Sp(k—2, F) we can extend it to A’ € Sp~(k, F)
letting (ex—1)h' = ex—1 and (6x)h' = 6.
We want to find a presentation of the group Sp~(k, F) for any k.
We denote by G, a group with generators T,...,T,_; and relations
Rl (Tipa)'Ts = (T (Topa)™ fori=1,..,n2,
R2 T,‘Tj = TJ’T.‘ for li—jl >1,
R3 ()P =1,
R4 (TiT2)¢ =1,
RS ((T)*y' T " = (M)},
R6 (ML)t = (T2 T T T /DT, T2 T, (only for n > 4).
The first two relations R1 and R2 define the classical braid group B, so G,, is
a quotient of By,.
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By relations R1 and R3 (T;)? = 1 for all i so, as in the case of the transvections,
we can consider exponents of T;’s as elements of F. We shall write T; , for (T})?,
eg Ti172 = T, (pe1/2) = (Ty)PH/2),

Let ¢4(Ti) = 6;¢ = 1,...,n — 1. Direct verification shows that ¢, maps
relations R1-R6 onto true relations in Sp™(n — 1, F) so ¢, extends to a homo-
morphism ¢,, : G = Sp~(n—1, F). Theorem 1 of the introduction is equivalent
to

THEOREM 1: ¢, is an isomorphism.
We shall now prove Theorem 1 for n = 3. We shall use a known presentation
of Sp(zap) =Sp (2, F)

1.1 ProPOSITION (J.G. Sunday): The group Sp(2,p) has a presentation with
generators S, T and relations SP = T? = (ST)® = (S®?+1/DTS4T)? where
-1 0 0 -1
S= [_1 _1] and T= [1 . ]
1.2 PROPOSITION: @3 is an isomorphism.

Proof: In our standard basis §;, 8, the transvections 6,,8; are represented by

10 12
9“[1 1] and 02‘[0 1]

where the action is on the right on row vectors. Let D = 6,6,6,. Then T = D
and S = D?0;. So ¢3 : G3 — Sp(2,p) is onto. We shall define the inverse
map ¢. Let (S) = (WT2T1)*Th = A,¥(T) = TiT2Ty = B. We have to check
that the relations defined in 1.1 are mapped onto relations in G;. We have
TiB = BT; by Rl and T;B? = B?T; by R1. B* = (T1T3)® = 1 by R1 and R4.
So AP = B?PT? = B? and

matrices

(AB)3 = BleBsTlBsTlB = fI‘le"le.B9 = B1® — B2,
Finally
(AP BALBY? = ( Bp+1T1(P+1/2) B°T:B)?
= B”+1T1(”+1/2) B°T? Bp+2Tl(P+1/2) B°T*B
— TI(HI/Z)T;Tl(HI/z)T;
=(by R5 and R3) T;*T\TITWTy
=(byR1) B?
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as required. |
1.3 LEMMA: Fu e V,,h € Sp~(n,F) and v = (u)h then 6, = (64)*h.

Proof: For any w € V,, we have
(w)h™6h = (A~ = (A~ wu)h = w — ()™, u)(u)h
=w — (w,(u)h)(u)h = w— (w,v)v = (w)d,. 1

1.4 COROLLARY: The following relations are satisfied in Gy, :
R7 (Tip)* Titr,e = (Tit1,0a2)*Ti -1 /a-

Proof: It suffices to prove the corollary for b = 1. Since the pair T;, Tiyy is
conjugate to the pair T}, T} in Gy, it suffices to prove the corollary for i = 1. We
denote by L the left side of R7 and by R the right side. We apply ¢, to both
sides of R7. ¢n(T1) = 61. Let u = (6;1)T2,0 = &1 — abz. By 1.3, ¢a(L) = b,.
én(T2) = 0;. Let w = abs. Then 6y, = 6, ,3,

(w)8y,—1/a =w + (1/a)(w,61)é1 = —u.

Clearly 6, = 6_, and, by 1.3, ¢n(R) = 0y. Thus ¢(R) = ¢a(L). But by 1.2, ¢,
restricted to the subgroup of G, generated by Ty and T; is a monomorphism, so
R=1L. 1

2. Relations Between G,, and G,,_; for n Even

We fix an even number n > 4 and assume that Theorem 1 is true for n — 1. In
this section we shall prove that ¢, is an isomorphism and in section 4 we shall
prove that ¢,41 is an isomorphism. Theorem 1 will follow by induction.

Let H; ; be the subgroup of G, generated by T;, Ti41,..., Tk, k < n. It follows
from our assumptions that ¢, restricted to H; 52 is a monomorphism .

2.1 LEMMA: Suppose that ¢m restricted to H; i is a monomorphism for some
k < m (this is true in particular for m = n and k < n—1). Let A,B €
H; itk-1,1+ k — 1 < m, be such that ¢n(A) = ¢m(B). Then A = B.

Proof: Let D=Tp_1Tp—2---T3. Forj <m— 1,TJ’-"D = Tj41 80

D™'Hy D =Hp k41 and D'7'Hy kD' = Hi gk,
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Let ¢mm(D) =d € Sp~(m — 1, F). Then for A € Hy &, ¢m(A)*d = ¢m(A*D). It
follows that ¢y, restricted to H; ;1x—1 is a monomorphism. |

For k odd, k < n, let E; denote the transvection with respect to vector eg.
Let 'y =T and for k odd, k£ > 1 let

Tx = (Te-2)"Tk-1Tk, -1 Tk—1,-1/2 k41 Tk 2T 41-

2.2 LEMMA: (i) ¢n(l'x) = Eg for k=1,3,...,n—1.
(ii) $n(T2) = (Ex—20k—16)* for k=3,...,n—1.

Proof: (i) follows by induction from Lemma 1.3 and definitions. The action of
both sides of (ii) on V,, can be compared directly. ]

2.3 LEMMA: (i) I'y—_3 commutes with T} for k not equal to n — 2.

(ii) Let 6(Ty) = T'n-3,0(T2) = Tn—2,6(T3) = T—1. Then o extends to a homo-
morphism o : G4 — G,

(i) (Tn_sTnozTa1)*? = 1.

Proof: Tp—3 € Hin—3. By 2.2, ¢n(I'n—3) = En-3. Clearly E,_3 commutes
with 6 for k < n —2, hence I';,_3 commutes with T; for k < n—2 by 2.1 . Also
by 2.2 and 2.1,

I‘?I—3 = (rﬂ—S:l.‘n---iz:rln—a)4 € Hl,n—:’., (I‘,,_3)P =1,

hence I'n—3 € Hjn_3, and I'n_3 commutes with T,_; by R2. There exists
h € Sp™(n — 1,p) such that (6;)h = en—3 and (62)h = 6,—2. Thus, by 1.3,
any relation between 8; and 6; corresponds to a relation between E,.3 and
Bn—2. Since I'y_3 € Hj n_3 it follows by 2.1, 2.2 and the definitions that o takes

relations R1-R5 onto relations in Gy. It remains to prove (iii) for n = 4.

(T1T2T3)4 = (T1 T2)3T3T2T1,2T2T3 (by R1 and R.2)
= Tl,_g(Tg’_lTl,_sz,_lT3T2T1’2T2)T3 (by R4 and Rl)

Each factor of the last expression has order p in Gy, by R3 . If we prove that
the factors commute with each other we are done . By R1 and R2 the first factor

commutes with the others and we have

Ty 111,212 1\ LT 2 ToTs = LT 2 T T3 Ty 1 Th,—2 T, -
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By R4 and R1 we have 5Ty ;T3 = Ty, 472,171, —2T2,—1. Since also Ty commutes
with T3 and with 7T} 2T; we are done. 1

It follows from Lemma 2.3 that there exists a split epimorphism p, : G, —
Gp-1 = H; ,,—2 such that pn(T;) =Tjfor j=1,...,n~2and pp(Tr-1) = Fn-3.
Let Cy = T'p3Tn-1,-1,Ci = C}_ Tu_i for : = 2,...,n — 2. Clearly C; belongs
to the kerne] of p,,.

2.4 LEMMA: (i) ker p, is generated by Ci,...,Cn_2, and C? = 1 for i =
1,...,n -2

(i) Let C be the commutator C = [C1,C2]. Then C? =1 and the commutant
subgroup (ker p,)' is cyclic, central, generated by C.

Proof: (i) Clearly I'2_, = 1 and '3 commutes with T,,_;, hence C? =1 for
i1=1,...,n —2. Since p, splits kerp, is generated by the conjugates of C; by
the elements of Hy n—5. It suffices to prove that C;}T; belongs to the subgroup
K generated by Cy,...,Cr—2 for j = 1,...,n — 2. It follows from R1, R2, and
23 that C!T; =Ciforj<n—i—1lorj>n—i. Also C/Th_i—; = Ciy for
t<n—2.

We shall prove that C3T,—2 = C2Cy 1C,. We have

Cgcl_loz =
Tn-2,-1Tn-1,-1Tn-3Tn=2T3 s Ta1Tn~2,-1 n-3Tn-1,-1Tn-2 =

(by R1 and 2.3ii)
Tn-2,-1Tn~1,-1Tn-2,~1Tn-3Tn-2Tn-1Tn-2,~1T'n-3Tn—1,-1Tpn-2 =
(by R1 and 2.3i)
To-2,-1Tn-1,-1Tn-2,-1Ta-1,-1Tn-3Ta-2Tn-1Tn-3Tn-1,-1Tn-2 =
(by R1 and 2.3i)
Tn-2,-2Tn-1,~1Tn-2,~1Tn-3Tn—2ln-3T—2 =
(by R1 and 2.3ii)

Tn-2,-2Tn-1,-1Tn—2,~1Tn-2Tn-3Th-22 =
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Tp-2,-1C2Tn—21 = C3T,—2

as required .

We shall prove now by induction that C;T,-; = CjC;_IIC’,' € Kforj =
2,...,n — 2. Conjugating each term of the last equality by Th—;—1T:—; we get
(C;HT,._,-_I) = Cj+1C;ICj+1. Starting from the equality C3T,_3 = 0201_102
we get the required result by induction .

It remains to conjugate Cn—2 by T, but since H; 2 is also generated by
Ty,Ts,...,Tn-2,'n—3 we shall conjugate by I',_3 instead.

C‘_zrn_a =

n

(by 2.3)
(C3Tn-3)"Ta-3Tn-s:- - T3.
C3Tnoa =T Tn2,-1Tn—1,-1Tn-3Tn—2Tn—3 =

n—-3

(by 2.1 and 2.3ii)
Tl Tn-2,-1Tn-1,-1Tn-2Tn-3Tn—2 =

(by 2.1)
Tl Tn-1Tn-2,~1Tn-1,~1Tn-3Tn—2 = C{'C? € K.

n-3

(ii)
C =CCC0 ! =

Fn—aTn—l,—1Tn—z,-lTn—l,—1Fn—3Tn—2F;13Tn—1Tn—2,—1Tn—1r;l3Tn—2 =

(by 2.3ii)
| Y ¥ -1,—1Tn—2,—1Tn—l,—lTn—Z,-lrn—:!Tn—ZTn—]Tn—2,—1Tn~1P,_;.1..3Tn—2 =
(by R1)
Pn—STn-l,—lTn—2,—lTn—l,—1Tn-2,—lrn—3Tn—1,—lTn—2Tn—1Tn—lr;13Tn—2 =
(by 2.3i)

rn—3Tn—1,—1Tn—2,—1Tn—1,—lTn—Z,—lTn—l,—lrn-—S Tn—ZP;l3Tn—lTn—l Tn——2 =
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(by R1 and 2.3ii)
Tn-3(Tn-1,-1Tn=2,~1)*Tn-3Tn-2Tn-1Tn-1Tn—2.

By R4 and Rl the expression in the bracket is equal to (T,—2Tn—1), so by R1
and 2.3 we have C = (Tn—3Tn—2Tn-1)*. By 2.3iii, C? = 1.

We shall prove that C lies in the center of G,. By R1, R2, and 2.3, C commutes
with T; for ¢ # n — 3. We have seen before that

C= rn—s(Tn—lTn—Z)_srn-aTn—2Tn—lTn—lTn—Z
= Fn—3T —l,—2(P:—3Tn—2Tn—1T —lTn-2)-

Since T,_3 commutes with I',—3 and with T,_; it remains to prove that it com-

mutes with 'y 3T 2T —1,2Tn—2 or that
A=Ty _3Tn-2Tn-12Tn-2Tn-3Tn-2,~1Tn-1,—2Tn~2,—1
is equal fo I',—3. By R1 and R2
A=T; 3Ta3Tn-3,-1Tn-1,2Ta-2T0-1,-2Tn-3Tn-2,-1 =
(by R7)
[—3Tn-2Tn-3,-1Tn-2,-1/2Tn-1,4Tn-2,1/2Tn-3Tn-2,-1-

Let u = (€n—3)Tn—2Tn-3,~1Tn-2,—1/2 = €n—5 + 26n-3 = (€n—5)Tn—-4Tn-3,2Tn-4.
Then by 1.3,

$n(Tn-3Tn—2Tn-3,1Tn-2,~1/2) = O« = ¢n(Tr_sTn-4Tn—3,2Tn-4)-

By 2.1 we have I'},_3Tn—2Tn-3,-1Tn-2,~1/2 = ['n—5Tn-4Tn—3,2Tn—4 commutes
with Tn—;. Therefore

Ty _3Ta-2Tn-3,~1Tn-2,-1/2Tn~14 = Tp_3Tn-2Tn-3,-1Tn—3,-1/2
and A =I',—3. So C belongs to the center of G,. Now for i < j we have

[Ci, CJ] = [Cl, CZI.Tn—3Tn-—4 ce Tn—an—2Tn—3 v Tn—i =C.



274 B. WAJNRYB Isr. J. Math.

Therefore the commutant subgroup of kerp, is the cyclic subgroup of order p
generated by C. This concludes the proof of Lemma 2.4. [

We shall define a map p' : Sp~(n — 1,F) — Sp™(n — 2, F). First let p,_; :
Va—1 — Va—2 be a linear map such that (§;)pn—1 = 6; for i < n — 1 and
(6n—1)Pn—1 = —€n—3 so ker pn_; is spanned by e,—;. Now for u € V,_; and
h € Sp~(n —1,F) let (u)p'(h) = ((u)h)pn-1. It is easy to check that p' is a
homomorphism and we have a commutative diagram with exact rows:

1 —ker,, — G, L Gn-1 - 1

¢nlker,, | ¢n | $n-1l
1 —kery — Sp(n-1,F) — Sp"(n-2,F) - 1

We want to prove that ¢, is an isomorphism. By the induction hypothesis ¢,
is an isomorphism, so it suffices to prove that ¢,|kerp, is an isomorphism. We
shall determine kerp'. If h € kerp’ then (§;)h = §; + ajen-y for j=1,...,n - 1.
Also (en—1)h = €n—1. It follows that the correspondence h — (a1,...,an_2)
defines a homomorphism, say p, of kerp’ into an abelian group F"~2. Let h; =
#a(Ci) for ¢ = 1,...,n — 2. Then h; € kerp'. (6;)hy = §; for j < n —2
and (6p—2)h1 = bn—2 + eq—1. It follows that (6;)h; = § for j < n—i—1
and (8p—i-1)hi = bn—i-1 + €n—1. Thus u(h;),i = 1,...,n — 2 form a basis of
F»~2% and 4 is onto. If h belongs to kery then (§;)h = §; for j = 1,...,n —
1,(8n)h = 65 + aen—1 so kerp is a cyclic group of order p, or a trivial group. But
(62)9n(C) = 6n +2en—1 and ¢,(C) € kerp. So kerp is not trivial, kerp’ has p*~?
elements and ¢, |kerp, is onto. By Lemma 2.4 kerp, has at most p"~! elements,

80 ¢nl|kerp, is an isomorphism . We have proven the following:

2.6 PROPOSITION: ¢, is an isomorphism.

3. Some Properties of G,

We assume that n > 2 is a fixed even number and that ¢, is an isomorphism.
Thus ¢,41 restricted to H; ,—; is a monomorphism.

Welet S = (T0)*Tn-1,-1Tn—2,-2Tn-1,-1 € Gn41 and welet H be the subgroup
of G4 generated by T3, ..., Tnh—2, S, Tn. This section will be devoted to a proof
of the following

3.1 PROPOSITION: Let W € Gp41 be such that (6,)W = 6,. Then W € H.

An element W of Gp41 can be written in a form W =[]}, T}(i),a(i) Where by
“=" we mean equality in a free group while W = W, means equality in the group
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Gi41. We shall say that a word W = []:; Tj(i),a(i) is reduced if j (i) # j(i + 1)
and afi) #0fori =1,...,s. If W is reduced then the length of W is {(W) = s.
We shall say that W represents a vector u € V,, if (6, )W = u. We want to prove
by induction on ¢(W) that if W represents 6, then W € H. Applying consecutive
terms of W to 6, we get a sequence of vectors . We shall prove Proposition 3.1
by induction on the “complexity” of these vectors . If v = £ ,4a;6; € V,, we let

ag =0 = a,4; to unify notation .

3.2 DEFINITION. Let 0 # v = EL,a;6; € V,,. Let a, be the first non-zero
coordinate of v. Then r(v) =r. Let e(v) =1if a, = 0 or a, = 1 and e(v) =2
otherwise. A coordinate a; is passive if ¢; = 0 and a;—y = aiy; # 0. Let P
be the number of the passive coordinates of v and let N be the number of the

non-zero coordinates of v. Vector v is special if
v # 6, and v= 6(5,,._2]; + 6n—2k+2 +...+ 5,;)

The complexity of v equals ¢(v) = 2(n —r) + e(v) + 1 if v is special and
¢(v) =2(n—r)+e(v)+ P — N if v is not special. |

3.3 DEFINITION. Let 0 # v = X ,a;6;V,. A coordinate a; is reducing if
aj+1 # aj— and if, after we replace a; by a suitable b;, the complexity of v
decreases. T reduces v if ¢((v)Tj,a) < ¢(v).
If a; is a reducing coordinate of v then T} o reduces v for a suitable choice of

a because (v)Tj,o = v+ a(aj4+1 — a;j—1)éj, so we can change a; into an arbitrary
b;.
3.4 LEMMA: Let 0 # v = X7 a;6; € V.. Let a, be the first non-zero coordinate
of v. Let a; be a coordinate of v such that aj41 # aj—1. Let w = (v)Tjq,a # 0,
and let b; = a; + oaj41 — aj_y) be the j-coordinate of w. Then
(i) fe(w) —e(v)l < 1.
(ii) a; is a reducing coordinate of v if and only if one of the following is satisfied:

(a) j = nyan-1 # 0,a, # 1. Tjq reduces v if b, = 1, ie. ifa = (1 —
aj)/(aj+1 — aj-1).

(b) r < j < m,a; = 0,aj41 # aj_1. T}, reduces v if it does not introduce a
new passive coordinate, i.e. Tj o does not reduce v for at most one value of a.

(¢) r < j < n,aj # 0,a; has a passive neighbour and a nonzero neighbour.
T} reduces v whenever b; # 0, i.e. Tj« does not reduce v for exactly one value
of a,a = —aj/(aj41 — aj_1).
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(d) j = r,ar41 # 0 and v — a,é, is not special. Tjo reduces v when b; =0,
ie. a=—ajf(ajy1 — aj-1).
(¢) j =r—1 and v is special. T} o reduces v for all a.

Proof: Follows from the definitions. 1

3.5 LEMMA: Let 0 # v = X% a;6; € V,. Then

(i) ¢(v) 2 0. ¢(v) =0 if and only if v = é,. v has a reducing coordinate .

(ii) If a¢,a141 # O then there exists a reducing coordinate am,m < t, unless
t = r(v) and v — 4,6, is special.

(iii) Suppose a; is a reducing coordinate of v satisfying 3.4ii(b) or 3.4ii(c). Let
|k —j]| =1, let w = (v)T},p, and let by be the k-coordinate of w. Then a; is a
reducing coordinate of w and satisfies again 3.4ii(b) or 3.4ii(c) with the exception
of the following cases:

(a) aj = 0,ax # 0 and the neighbours of a; in w are equal to zero. Then N
decreases so c(w) > ¢(v).

(b) a; = 0,ax # 0 and the neighbours of a; in w are equal but not zero. Then
a; becomes passive so P increases and c(w) > ¢(v).

(c) aj; = 0,ax = 0 and the neighbours of a; in w are equal. Then a; becomes
passive so P increases by 1 and N increases by 1, c(w) = ¢(v). Also a; satisfies
3.4ii(b) and is reducing.

(d) aj # 0,ax # 0,n > k > r and by = 0. Then, if a; has a passive neighbour,
¢(w) = ¢(v) and a; is reducing. If a; has no passive neighbour then c(w) > ¢(v).
(€) aj #0,a; # 0,ar # 1,k = n,bx = 0. Then a; is reducing and c(w) = ¢(v).
(f) a; #0,ax =1,k = n,bx = 0. Then c(w) > c(v).

(8) aj #0,ar #0,k =r =j —1,by =0 and w is special . Then c(w) > ¢(v).
(h) aj #0,ax # 0,k =r =j — 1,b; = 0 and w is not special .

Proof: Part (i) follows from the definitions . Suppose a;—i—1 = 0,a¢—; #
0,a¢—i+1 # 0,...,a8¢ # 0,a,47 # 0. I a4—i—y is passive then a;—; is reduc-
ing. If a¢—i—1 is not passive and ¢ — i # r then a¢—;—; is reducing. If t —i =r
then a;-; is reducing by 3.3iii(b) unless ¢ = r and v —a, 6, is special . This proves
part (ii). Part (iii) follows from definitions. |

3.6 LEMMA-DEFINITION: Let 0 # v = B%_,ai6; € V, and let r(v) = r. There
exists a reduced word W = II?_, Tj(i),a(i) of length c(v) representing v. There is
no shorter word representing v, so W is called a minimal representative of v.
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If T} o reduces v then there is a minimal representative of v with the last term
T} —a- A minimal representative W satisfies the following:

For all ¢,j(i) > r ~ 1 if v is not special and j(i) > r —2 if v is special. j(i) =n
for at most one value of ¢ and j(i) #n if an = 1.

If m < n then j(i) = m for at most two values of i.

If a;, # 0 is not reducing and has a non-zero neighbour then j(i) = m for at

most one value of 1.

Proof: If Tj o reduces v then (v)Tj,o has lower complexity, so the existence of
W with the last term 7}, _, follows from 3.5i by induction on ¢(v). There is no
shorter representative of v by 3.4i . If v is not special then it will never become
special in the reduction process, so the j-coordinate will never become reducing
for j < rand j(:) > r — 1 for all 5. If v is special then (v)T,_; 4 is not special
and j(i) > r — 2. If a, = 1 then a, is not reducing and the n-coordinate will
never become reducing in the reduction process, by 3.4ii(a), so j(z) # n. Let
Wi = H§=1Tj(;),a(;) and let v = (5,;)Wk. Then c(vk+1) = c(vk) +1forall k. If
j(t) = n then the n-coordinate of v is not 1 and a later change of the n-coordinate
would not increase the complexity so j(i) # n for i > ¢t. Let m < n and let ¢,
be the smallest value such that j(t;) = m. Then the m-coordinate of v, is not
zero. If t; is the next such value then the m-coordinate of vy, is reducing. Either
vy, is special and we cannot increase its complexity by one move or m > r(vy,).
The m-coordinate is zero or it has a passive neighbour. If we increase complexity
getting vector v,, the neighbour remains passive and m > r(vs). A later change
of the m-coordinate would not increase the complexity, so j(i) # m for ¢ > t;. If
the m-coordinate of ve, is not zero it has a passive neighbour , and the neighbour
will remain passive in v . If ap, is not reducing in v then its other neighbour
must be zero, 50 a,, has no non-zero neighbour. This completes the proof of the

lemma. ]

We shall fix now a reduced word W = II{_,T}(i),o(i) representing 6,. Let
Wi = HleTj(,-),a(,-) and let vy = (6,)Wi. Let ¢ be the smallest index such
that c(vg) > c(vg41), i.e. c(vk) < k for k > g. We shall prove that W € H
by induction on s = ¢(W) and for a given s by induction on ¢. If s = 0 then
W=1¢cH.

If ¢ = 0 then ¢(6,) > c(v1), hence v; = 6;,5(1) # n — 1,Tjn),a) € H, and
IT3_,Tj(i),a(i) also represents é,. Therefore W € H by induction on s.
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Let vy = X%,a6;. Let a, be the first nonzero coordinate of v,.
Let j(q) = j,a(q) = a,j(¢+ 1) = k,a(g + 1) = B. Then q; is a reducing
coordinate of vy, since c(vg) > ¢(vg-1) and vg_1 = (v4-1)Tj,—a.

3.7 LEMMA: (i) K T}, reduces vq and Tm s reduces vg4y and V is any minimal
representative of (vy)Tj and U is any minimal representative of (vg+1)Tim,s,
then we may assume W = VT T gTn U™ and (W) < 2¢+2. W' =
I2_; Tjr(iy,a'(i) and W' represents é, and

(W'Y <2q+2 and v} = () Ty (i) erci)

then ¢(vgy,) <g+1.

(ii) If ax is reducing then we may assume that Ty g reduces v,. Also we may
switch j and k and assume that W = W' = II{_ Tji(;),ar(s) With vy = vg,5'(g) =
kg +1)=j.

(iii) If ay is not reducing and V is any minimal representative of vy, then we can
replace W, by V in W.

(iv) I |j — k| = 1 and there exists vy such that Tj, reduces v, and v441, then
W = Wi T4 TjppTh 17,0 = WHHW') = (W),vp_y = (vq)Tjyvg =
(vg=1)Tk,1/4- If c(vg) < c(vg-1) then W € H. In particular if vy = vg41 then

T},—a reduces vg41, 5O
W= Wq—lTk,l-llaTj,pa’Tk,l/a(Wq—l )—1 and v'q = (vq_l )Tk,—-l/a'

If ¢(vg) < c(vg—1) then W € H.

Proof: (i) Let W = Wy_1Tj,oTk,pUs. Let V be any minimal representative of
(vq)Tj,4 and let U be any minimal representative of (v44+1)Tm,s- Then

W = (We-1Tja—rV "WV Ty Tk, Tm,sU " (UTm,-5U1).

Brackets represent 6, and have length smaller than /(W). By induction it suffices
to prove that W € H for W = VT; Tk sTm,sU ™! and then {(W) < 2¢g + 2. The
second statement of (i) is obvious from definitions .

(1) I Tk, reduces v, and V is a minimal representative of (vy)T} ., then
W = W,Ti gU = (WyT4,.V ) (VT,s-.U), both brackets represent é, and the
second bracket has length smaller than £(W) since £(V) = ¢~ 1 < £U). So
we may assume Ty g = Ty, reduces vg. Now, by (i), W = W,1T},oTi gU
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where U~1Tj _g is a minimal representative of vy. It suffices to prove that
W' =W =UT},_pTj,aWy-1 € H which proves (ii) .

(i1i) If ag is not reducing and V is any minimal representative of v,, then W =
W, Tk gU = (WyV~') (VT gU). Both brackets represent 8, and {W,V~1) =
2¢ < 2g+ 1 =4{4W) so we may assume W = VT; gU.

(iv) By (i) we may assume W = W _;T; _Tk,pT; U with vy_; = (v4)T},4.
Now by R7, W = W;_; Tk 1/, Tj,842Tk,—1/,U as required .

If ¢(v}) < c(vg-1) then W € H by induction on g. ]

3.8 LEMMA: If either vy = vg41 or [k — j| > 1, then W = W' = II}_; Tj1(3),a(i)
and j'(i) = j for at most one value of ¢ < ¢. If also j = n then j'(i) # n for all
1<gq.

IFlk—jl=1landr < j<n,andr <k <nork=nanda, # 1,
then T}., does not reduce vy or vy, for at most two values of 4. In particular
W =W' = I, Tj(i),(i) and j'(¢) = j for at most one value of i < q.

Proof: If |k — j| > 1 then, by R2, we can replace TjoTk g by Tk gTjo in W
getting W'. Now j'(i) = j a smaller number of times than j(i) = j fori < q. If
|7 — k| =1 and vy = vg41 then, by 3.7iv, Wy = W _1 T _1 /o and again j'(i) = j
a smaller number of times than j(i) = j for i < ¢g. Suppose now |k — j| =1 and
Vg # Vg41. G is reducing andn > j > r. So a; satisfies 3.4iib or 3.4iic . We have
c(vq) 2 c(vg41) and, by 3.7ii, if ay is reducing then c(vg) > ¢(ve41), therefore by
3.5 a; is a reducing coordinate of vg41. By 3.4iib and 3.4iic T}y does not reduce
vq OF gy for at most two values of . Since p > 3 there exists v such that T; ,
reduces vy and vgy1 and then, by 3.7iv,

L
W=W=0Tpeew @)=k and vy =(vg)T)y.

Since n > j > r the j-coordinate of v;_l is not reducing, not zero, and has a
non-zero neighbour . Thus j'(i) = j for at most one value of i < ¢+ 1, by 3.6.
|

3.9 LEMMA: () W eH, 2, then W € H.
(i) fW € Hyn—1 then W € H.
(i) vy = B(br + br42+ ... + 6n—2) + bn,7 even, B # 1, then W € H.

Proof: (1) (6;)W = éifori <n—3andi =n. (bn—3)W = bp_3+abpn_2+bbn_1+
cbn. Since ((6n-3)W,8,) = 0 we have b= 0. If also ¢ = 0 then (6,—3)WTh_3,. =
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6n—3. Now (64—1)WT,_34 = abpn_z + Bbn_1 + 76a. The intersection form is
preserved so a = 0,8 = 1. (6p—1)WTyn—2,4Tn,y = 6n—1. We must also have
(bn-2)WTh_2,aTn y = bn—z. It follows that ¢, 41(WT,-2,Tn ) =1 hence W =
Tp,—4Tn—2,—« € H, by 2.1.

If ¢ # 0 then (6p—3)WTh—2,4—2c = 6n—3 +2c6pn_2 + cbpn. Let u = 28,3 + 65 =
(6n)Tn-1,-1Tn-2,—2Tn—1,-1. Then, by 1.3, ¢541(S) = Ty, hence

(61:—3 )I’VTn—-Z,a-—ZcSc/2 = 6n—3-

We continue as in the case ¢ = 0 and get ¢n1(WTh-2,a—2c5/*Tn ) = 1, s0 by
2.1, W =Tn ST _3 90— € H.

(i) Let A = ¢n41(W). The subspace V,_; is A-invariant and (6,)A4 = 6,.
For i < n—1,(6)A € V,—; and ((§i)A4,6,) = 0, hence V,_, is A-invariant.
There exists B € Sp(n — 2, F) such that A restricted to V,,_; equals B. Then
(6;)AB™! = §; for i # n — 1. Also (6n—1)AB~! € V,_;. Since the intersection
form is preserved it follows that (6,—1)AB~! = §,-; and A = B. Since ¢, is
an isomorphism there exists W, € H; ,,—3 such that ¢,_,(W;) = B = A. Now,
by 2.1, W =W; € Hy -2 CH.

(iii) Let U be a minimal representative of v,. Since an = 1,U € H,n_1, by 3.6.
If k # n then vy41 also has the last coordinate equal to 1 and, by 3.6 and 3.7i,
W € Hy no1 so W € H, by part (ii). We may assume k = n. Then v, = vg41
and, by 3.7, W = UT, gU ™. Since a, is not reducing we can choose for U any

minimal representative of vy, by 3.7ii , e.g.

U™ =Tyo1,8/1-pTn—2Tn-3
L1 Tr 1 Trg1,-172Tr+2,-2Tr 43,172 - - -

Tn_2,—2Ta-1,-5.

Then (6,)U"! = a6, + 6742+ ...+ 85—2) + 6 = w, where a = /5 —1. By 1.3,
dn+1(W) =8y 5. Also W € Hy .

Let u; = afp—2+8n,us = a(bry1+6r43+...+6n_3), s = w+u2, g = W—us.
Let U; be a minimal representative of u;. By 3.6, Uy € Hp_2n. Let 4; =
(To)*Us. Then ¢nt1(A1) = u,, by 1.3 , hence (6,)A41 = &, and A; € H by (i).
uz = (u1)Tn-3Tn-s---Tr,us = (41)Tn-3,-1Tn-4,-1-- - Ir,-1. Applying Lemma
3.6 with n replaced by n — 2 we find U, € H, n_2 such that (6,—2)U; = u3. Let
Ay = (Tn-2)'Us, A3 = (A1) Tn-3Tn—s - Ty, Ay = (A1)Tn-3,1Tn—4,-1- - Tr,1-
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Then A; € H,A; € Hy u,dn41(4i) = 0y, for ¢ = 1,2,3,4. Also 6,0, =
(0w)?(8y,)?. Indeed since (w,uz) = 0, we have

(0)8uyBus = v — (v, + uz)(w + uz) — (v, 0 — u2)(w — ug)
= v — 2(v, w)w - 2(v, uz)uz = (v)(0u)?(B0,)?

for any vector v € Vp41. Therefore (8u,8)? = dnt1(W?) = dut1((A34:472)P).
By 2.1, W? € H and, since W? =1,W € H. |

3.10 COROLLARY: (i) Ifa, =1 then W € H.
(i) Ifa; =0 fori <n — 2 and vy # b(én-2 + 6»), then W € H.

Proof: (i) By 3.6, W, € Hy n—1. If also k # n then the last coordinate of vy4 is
also equal to 1 and, by 3.6 and 3.7i, W € H; 1,50 W € Hby 3.9 . Suppose k =
n. If Ty g changes the n-coordinate of vy then, by 3.2, ¢(vg41) > ¢(vg) contrary to
the choice of g. So suppose vg4) = vg. If there exists a reducing coordinate a,, of
vy different from @, then, by 3.7i and 3.7iii, W = Wy—1Tm T, 6Tm,— W, ;.
Now Ty, 4 cancels reducing the length of W. So we may assume that a,—; =0

is the only reducing coordinate of v,. But then it follows easily from 3.4 that
Vg = b(5r +o42+... 4+ 5n-—2) + bn,

r even, and we are done by 3.9.

(11) If vg # b(6n—2 + 65) then W, € Hn_3 » by 3.6 . If £ > n — 3 then, by 3.6 and
3.7, W, € H,_5, » and we are done by 3.9. If £ < n — 3 then Tk commutes with
W, and (W) decreases. If an_s = 0 and k = n — 3 then Tk commutes with W,
and (W) decreases. If an_3 # 0 then T,_3 increases c(v,), so k # n — 3. ]

3.11 LEMMA: If j(i) = n — 1 for only one value of i < ¢+ 1, then W € H.

Proof: We may assume j(1) = n — 1. Otherwise Tj),a¢1) € H and we can
reduce {(W). By 3.10 we may assume that j(:) = n for exactly one value of
t < ¢+ 1. Since T, commutes with Tj(;) q(;) for ¢ = 2,...,q we may assume
7(2) = n or j(g) = n as convenient. We have ap—; #0. If k # n — 1 we let
j(g) = n and we are done by 3.8 and 3.10 . So we may assume k =n — 1.

CASE 1: @, = an-z. Then v, = vg4) and j(g) = n so, by 3.8, W = W' with
7'(¢9) =n—1 and j'(i) < n for all : < gq. We are done by 3.10.
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CASE 2: an # ap—2 # 0. We assume j(2) =n,s0 j(g) <n. f j(g) <n—-2

then the j-coordinate is reducing for both v, and vg41. By 3.7i we may assume
W = Wo1T5,0Tk 67,4V = Wo-1Tj,0-Tk,sU

and £(W) reduces. If j(g) = n— 2 then a,_; is reducing, so either r = n—2, and

we are done by 3.9 , or a,_3 is passive. In the latter case
Vg=...4An-abpn_g+an_20n_2+ an_16n—1 + asbp
where a,—4 = an_3;
Vg4l = ...+ n-abpn-g + @n-26n-2 + bp-105n-1 + anbn.
Since p > 3 there exists v such that T,,_3 4 reduces v, and vg4;. Also
v;_l = (vg)Tn—2,y=... +Gn-ebn_a + bpn—26n—2 + an-16n_1+ anby

and we can choose  such that T,_, ;/, does not increase ¢(v;_;). We are done
by 3.7iv .

CASE 3: @, # ap—2 =0 and a,—1 = an—3. Then a,_2 is not reducing and we
may assume j(q) < n, 80 j(q) < n—2. If j(g) < n—3 then Tj,) _q reduces vg41
and we are done by 3.7i . If j(¢) = n — 3 then a,—3 is reducing, so a,—4 # 0
and there exists a reducing coordinate a; with t <n — 3, by 3.5ii . Clearly a, is
reducing in vg4; and, by 3.7i, we may assume

W= Wq-lzjaTkrﬂT‘fYU =W, —sziyaT‘,‘YTk,ﬂU'

Now j(¢+ 1) =1t # n — 1, so we are done by 3.8 and 3.10 as before.

CASE 4: ap # an—2 =0 and ap—; 5 an—3. Now @, is not reducing and a,,—2
is reducing, so we may assume j(¢) = n — 2 by 3.7ii. We have

vg=...+ Gn-36n—3+ Gn_16n—1 + an‘sna

Vg1 =-..+ Gn-36pn-3 + bn-16n—1 + anbp, ba-y ?é Qn-—3.

Since p > 3 there exists v such that Tj,_3 , reduces vy and vg41 and Ty 1/

does not increase c(v;_,), where

‘U'q_l = (Uq)Tn—2,1 =...4an-30n-3+ bn-26n—2 + an-16n-1 + an6n,
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(U;—l )Tn-—l,l/'y =...4an-36n-3 + bn28n-2 + bpn_16n-1 + andy,
bp—z2 = 7(an—1 - an—3))

and
bp1 = Gp-1+ 1/7(0'11 - bn-2) = 1/7073 + an—3.

‘We are done by 3.7iv. |

3.12 LEMMA: If for some m < n we have j(i) = m for at most one value of i < g,
then W € H.

Proof (by induction on m, downwards): If m = n — 1 we are done by 3.11.
Suppose that the lemma is true for m and suppose that j(i) = m —1 for at most
one value of i < ¢+ 1.

CASE 1: There exists ip such that j(i) < m for i > ig and j(i) # m — 1 for
i1 <ig(eg j(i)#m—1foralli<gqandiy =g, in particular m = 1). By
R2 we may assume that j(i) > m for i < s and j(i) < m —1fori > s. By
3.10 and the induction hypothesis we may assume that j(¢) = n for one value of
t<gand,fort =mm+1,...,n~1,5(:) =t for two values of : < ¢g. Thus
¢(vs) = 2(n —m)+1 = s and r(v,) > m. In Definition 3.2, if v is not special
then P < N —1. Thus ¢(v,) < 2(n —r) + e(v,) — 1. It follows that v, is special,
r(v,) =m+1, and for i > s, (v,)T}(i) = v,. Therefore s = g and, by 3.4ii, j = m.
Then k # m,v, = vg41 and, by 3.8, W = W' = I{_; Tjr(s),(s) and j'(¢) = j for
at most one value of 1 < g. We are done by the induction hypothesis.

CASE 2: j(io) = m — 1 and, for some s > i9,j(s) > m — 1. By R2 we may
assume that j =j(¢) >m—12>r. fyg=vgqyor|j—k|>1lor|j—k|=1and
r<j<nandr<k<nork=nanda,#1,or k=r and the r-coordinate
of vg41 is ot zero, then by 3.8, W = W' = II{_, Tji(i) (i) and j'(¢) = j for at
most one value of i < ¢ + 1. Then we are done by the induction hypothesis. We
have a, # 1 by 3.10. Let us consider the remaining cases .

Jj=r+1,k =r, and the r-coordinate of vy4; equals 0 . Then j =m,m—-1=
r,c(vg) = g = 2(n —r). Also vg4y is not special, r(vg41) = r + 1,¢(vg41) =
¢—1=2(n—r—1)+1, which is impossible for a non-special vector by 3.2.

j =n,k =n—1. Consider the highest index ¢ < ¢ such that j(t) >m — 1. If
t < ip we may assume that j(i) < m~1{or all i > ¢y, by R2, and we are done by
Case 1. If t > ip and j(t) < n — 1 we may assume, by R2, that m —1 < j(¢) <n
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and we are done by 3.8. Let us suppose that j(t) = n — 1. We may assume by
R2 that t = ¢ — 1. Then a,—; # 0, because a, is reducing, and a,-; is reducing
in vy_y. Therefore a,_; is passive. Since v # vg41 We have a, # 0, hence an_;

is reducing in v,. So
vy=...+ An—-30n_3 + Gn-16n—1 + Qnbyp

with ap—3 = ap-1 # 0 and a, # 0, a, # 1. By 3.Tii we may switch j and k
and assume j = n — 1,k = n. Then, by 3.8, W = W' = II}_, T} (i),ar(s) With
Vg1 = (vg)Tn-1,y and vy = (v;_;)Tn,5. Now c(vy_,) > c(vy), by 3.2, and we are
done by induction on g.

This concludes the proof of Proposition 3.1. |

4. Proof of Theorem 1

We fix an even number n > 4 and assume that ¢4 restricted to Hy ,_; is a

monomorphism.

4.1 LEMMA: Let 04(T1) = Tno1,00(T2) = Tn. Let 1o(Ty) = Tpos,ma(T2) =
Tn-2,7n(T3) = Tp-1,7n(Ts) = Tn. Then o, extends to a homomorphism o, :
G3; — Gp41, and T, extends to a homomorphism 7y, : Gs = Gpy4y. AlsoT'py
commutes with Ty for k =1,2,...,n -1, and

(Tn-1)? = Tn=3Tn-2Tn-1)* € Hy n-1.
Proof: By 1.3 and 2.1 we have the following fact, which will be used repeatedly:

(P) Let T5,T3, W, W1 € Hjy oy (respectively Tj,Tp, W, W, € H;,). Suppose
that v = (ad;)W = (b6x)W1. Then (T} ;2)*W = (T} 32)*W; (since

01: = ¢n+l((Tj,a2 )*W) = ¢n+l((Tlc,b2 )‘Wl))

We first prove the lemma for n = 4. Let
U=TT5-1Ty—1)2T3,2T2,1 T35, 212,114 1213, 1 Ts.

Then (51){; = €3, (62)U = 64, (53)U = -—53, (64)U = 452. By (P) we have (Tz)*U =
T4,(T3)‘U = T3,(T4)*U = Tg. AISO

(M)*'U = (T1)* Tz, ~1 13,215, -1 Ty, 1 /23,1 Ts.
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We shall prove that (T1)*U =T;.
By (P), (T1)*T2Ts,-1T2,-1/2 = (T1)*T3,2T3,-1/2T2,~1 hence

T3 = (T1)" 12,2 Ts,~1/2T2,-1 T4 T3, Ty
Now, by conjugation, the equality I's = (T})*U is equivalent to

(T1)'T22T3,—1/2Ts = (T1)* T2, ~1T3,-2 T2, 1 Ty 1 /2T, -3 T

We have
(T)* T2, —1T3,~2T3, 1 Ty -1 /2 T3, -3 T2 =
(by R2)
(T)* T, —1T3,—2 T4 12T, 1 T3, -3 T2 =
(by R1)
(I)' T3, 13,21y 1 2 3 T3, 3T - =
(by R1 and R2)
(T2)*T3,—2T4 12 BN\ T, -3 T3,y =
(by (P))
(T2)*Ts, 2Ty -1 ;s 11 T2, -3 T3, -1 =
(by R2)
(T2)* T3, -2 1 T3, 3Ty -1 /2 T3,-1 =
(by(P)
(M) 22Ty 1 f2T3,-1 =
(by R1 and R2)
(Th)'T3,2T5,-1 /2T
as required.

So o4 is a homomorphism and 74 is an identity.

Since T1 commutes with T3 and Ty,I'; commutes with T, and Tj.

(T's)*Ty =Ts by R1 and (P) so I's commutes with Tj.

(Ts)? =(\TaTz)* by RS.
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Let now n > 6 and assume 0,2 and 7,—2 are homomorphisms. Let

Uo =
Tn—2Tn-3,1Tn-2,-1/2Tn-3,2Tn—4,~1Tn-3,-2Tn-4,~1Tn—2,-1/2Tn-3,-1Tn-2,

Up = (Tn-1)"Tn—2Tn-3,-1Tn-2,—1/2Tn-4Tn—3,2Tn-4.
Let Wy = Ty-1Tn—2Tn-3,-1Tn—2,-1/2Tn-4Tn-3,2 and Uz = (T)*Wy. Let

Wi = Tn1Tn-2Tn—3Tn-4,-1Tn-3,-1/2Tn~2,~1Ta—1,-1 and Uz = (T5,)*Ws.

Let U= UoUleUs.
We claim that

(Fn—-s)*U = Fn—3, (Tn—4)*U = Tn-—2,(Tn-3)'U = Tn—-l,(Tn—Z)*U - Tn-
By direct computation one can check that
(5n—4)U = 6n—2;(6n—3)U = 6n—l,(6n—2)U = 5m

so the last three claims follow from (P).
Also (en—s)UoUs = en—3 and, since UgU1 € Hjn-1, we have, by (P),
(Pn—S)UOUl =T Furthermore Wz,Ws € Hl,n—l and

(en—3)W{1 =é€p-5+ (1/2)611—3 = (en—S)Tn—4Tn—3,1/2Tn—4,—2

so by (P)y (Pn—3)‘W2—1 = (Pn—s)*Tn—4Tn—3,1/2Tn-4,-—2 and (Fn—-s)*U2 =Tp_3
by R2.

(en-—3)W3—1 =€n-5— (1/2)51;—4 +bp-3 = (en—5)Tn—4,1/2Tn—3,2

so by (P) (Pn—s)‘W{ 1= (Fn—s)'Tn-4,1/2Tn-3,2 and (Fn—s)'vs =Tn_3 by R2.
Thus (T'p-5)*U = I'n_3 as required.

Now composition of T,—2 with conjugation by U extends 7y.
Tnos = (Tazs) Tn-aTn_3,1/2Tn—4,~2Tn-2Tn-3,2Tn-2.
Therefore

(Pn—3)‘U = (rn—3)*Tn—2T —l,l/ZTn-—2,—2TnTn—1,2Tn = Fn—h
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and composition of g,_3 with conjugation by U extends oy,.
Since (I'y—3)% = (Tn-5Tn—-4Tn—3)*, by induction hypothesis, we have

(Fn—l )2 = (F'n—STn—ZTn—-l )4

by conjugation by U. Since I'n_3 commutes with T4 and T, 3,1 commutes
with Tn—Z and Tn—l-
Fork<n-2

(Fn—l )‘Tk = (by R2) (rn—3).Tn—-2Tn—1,1/2Tn—2,—2TanTn—1,2Tn

= (by (P)) (Tn-3)"Ta-2Tn-1,1/2Tn-2,~2TnTn-1,2T0 = p_s.
This concludes the proof of Lemma 4.1. ]

4.2 COROLLARY: There exists a split epimorphism pp42 : Gpi2 — Gn41 such
that pp42(Tut1) = Tn-1 and ppy2(Th) =Tk for k <n + 1.

Proof: By Lemma 4.1, p,+2 preserves relations R1-R6 .

We have to prove that ¢,41 is an isomorphism. It follows from 3.6 that for
every vector 0 # v € V), there exists W € G4 such that (6,)W = v. Then
8, = $n+1((Tn)*W). It is known that transvections 8, generate Sp(n, p), 50 dn+1
is onto. We shall prove that ¢, is a monomorphism.

Suppose A € ker #nt1. Gn41 is generated by T3, T3, ..., Ty. T'n—1 is a conju-
gate of T} by an element of Hy », so G4 is also generated by T3,...,T,,'n-1.
We can write A as a word in letters T, ..., Ty, Tpne1 : A= W(T3,...,Tn, [n_1).
Let Ay = W(T2,...,Tn,Tut1) € Gntz- Let pnyz : Guyz = Gaqa be the epi-
morphism defined in 4.2. Then pp+2(Tnt1) = Fn-1,pn+2(41) = A. ]

4.3 LEMMA: A=1.

Proof: Consider the commutative diagram of section 2 with n replaced by n+2.

1 —  ker Pn+2 — Gn+2 p:z Gn+1 - 1
bnlker pat2 ! $atz | , $nt1 |
1 —~ kerp) - Sp"(n+L,F) &L Sp¥(n,F) - 1

We have @pi1pn+2 = p'ént+2. Thus @ny2(A1) € kerp'. Therefore (6,41)41 =
8n41 + Genyy and, since Ay € Hj ny1, the coefficient of 6; in (6,41)41 equals
zero. So (5,;.]..1).41 = 6n+1. Let D = T3 Tny1 € Gryo. (6n+1)D =
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8,,,D’1Hz,,.+1D = Hj n. In particular 4; = (Al)‘D € H, ,, and (6,.)A2 = bp.
By Proposition 3.1, A; € H, hence A; € DHD™!, which is generated by
T2, Ts,... , T,...l, DSD_I, T,.+1, where

S = (Tu)'Tn-1,-1Tn-2,-2Ta-1,-1, DSD™' = (Tp41)*Tn—1Tn-1,-2Tn,-1-
Now pn+2(Tn+1) = Tno1 € Hy n—y, and

Pn+2(DSD—1) = (Fn—l)*Tn,—lTn-l,—ZTn,—l
= (Pn-3)"Tn-2T, -1,-1Tn—2,-1/2 € Hy p1.

Therefore pn42(A1) = A € Hy n-1. But ¢nq restricted to Hy 1 is a monomor-
phism, hence A = 1.
This concludes the proof of Theorem 1. |
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