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ABSTRACT 

For n even and p an odd prime a symplectic group Sp(n,p) is a quotient 

of the Artin braid group B . + I .  If s l , . . . ,  s .  are standard generators of 

B . + I  then the kernel of the corresponding epimorphism is the normal 

closure of just four elements: s~, (el sa) e , s~ p+1)/2 s~s~ , -1) /2  s~2s~ -1 s22 and 

(sls2s3)4A-ls~-2A, where A = sas31s~P-1)/2s4sa2s,, all of them lying in 

the subgroup Bs. Sp(n,p) acts on a vector space and the image of the 

subgroup B,  of B,+I  in Sp(n,p), denoted Sp(n - 1,p), is a stabilizer of 
one vector. A sequence of inclusions ..- Bt+l • Bt ... induces a sequence 
of inclusions ...Sp(k, p) .Sp(k - 1, p)..., which can be used to study some 
finite-valued invariants of knots and links in the 3-sphere via the Markov 
theorem. 

I n t r o d u c t i o n  

In [A] Joachim Assion gave a very simple presentat ion of  the symplectie group 

Sp(n, 3) as a quotient of  the Art in  braid group B , + I .  In this paper  we shall 

describe a similar presentat ion of Sp(n ,p)  for any prime number  p > 3. 

The  bra id  group B ,  was first considered by A. Hurwitz  in 1891 and more  

thoroughly  investigated by E. Art in  in 1925 . Since then it has become an 

impor tan t  topic in m a n y  fields of  mathemat ics  like topology, algebraic geometry,  

combinatorics and group t h e o r y .  
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Bn can be described abstractly as a group with generators Tx, . . . ,  T , - ,  and 

with relations 

(R1) TiTi+lTi = Ti+lTiTi+l for i = 1 , . . .  ,n  - 2, 

(R2) TiTj = TjTi f o r l i - j l  > 1. 

The group B. is known to be residually finite but not many finite quotients of 

B. are known explicitly. If we add the relation 

( tB) (T1)P = 1 

we get a group B,,p investigated by Coxeter in [C] . This group is finite if and 

only if lip + I/n > 1/2. For p = 2 we get the symmetric group S,. 

If p = 3 then one more relation 

(R6) (T1T2Ts)4 = A-1T~ A, 

,'r, , -r--1,~(p-1/2), .~ , 'r2, 'r where A = ~2~3 ~2 -L4-L3 ~4, transforms Bn,p into a finite group G .  For n 

odd G .  is isomorphic to Sp(n, 3) and for n even G .  is isomorphic to the stabilizer 

of one vector in Sp(n + 1, 3) where Sp(n + 1, 3) is considered as a group of linear 

transformations of an (n + 1)-dimensional vector space over Z/3Z.  This is the 

result of Assion in [A] . 

Our goal is to prove the following result ( for p > 3 a prime number): 

THEOREM h Let G. be a group with generators T1,'", T.-I and relations 

R1 TiTi+aTi = Ti+lTiTi+a fori = I,...,n-2, 

R2 TiTj = TjZ for  l i - j ]  > 1, 

R3 (T1)P = 1, 

R4 (T1T2) 6 = 1, 
,p(p+ l /2) ,r4~(p-1/2)  = T~2T1T~ , 
" 1  "L 2 " 1  

R6 (TIT2Ta)" = A- 'T~A,  where A = T2T~IT@-I/2)T,T~T,. 

Then a correspondence Ti ---} Ti extends to a monomorphism of G .  into G . + , .  

For n even G . + I  is isomorphic to the symp]ectic group Sp(n,p) and the image 

Of G .  in G.+I Js the stab///zer of one vector. 
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1. Notation and Preliminaries 

Let p be a fixed prime number greater than 3 and let F be a field with p elements. 

Let Vk be a k-dimensional vector space over F with a fixed basis 61,...,/~/c and 

with an alternating, bilinear, intersection form given by (6i,6i+1) = 1 for i = 

1 , . . . , k  - 1 and (6~,6j) = 0 for ]i - J l  > 1. There is a natural sequence of 

embeddings V1 C V2 C .. .  corresponding to {61} C {61,~2} C ..-. For k even 

the form is non-degenerate and the symplectic group Sp(k, p) can be identified 

with the group Sp(k, F) of the linear transformations of Vk which preserve the 

intersection form. 

Linear transformations act on vectors of Vk on the right side. For every v 6 Vk 

we denote by 0~ the linear transformation of Vk defined by (u)O~ = u - (u, v)v 

(the symplectic transvection with respect to vector v). 

Transvection with respect to a basis vector ~i will be denoted by 8i. Clearly 

(8¢) p = 1, so we can treat exponents of transvections as elements of the field 

F. For a 6 F we shall write 8i,a for (0i) a and 0~,~ for (0u) a. Conjugation in a 

group will be denoted by "*" so A * B  = B - l A B  for any pair of dements A, B in 

a group. 

Let e2~+1 = 6 1 + 6 3 + . . . + 6 2 ~ + 1 .  Clearly (e2~+1,  & ~ + 2 )  = 1 and (e2~+1,  &) = 

0 for i ~ 2ra + 2. 

For k even define 

Sp~(k,F) = Sp(k,F) = {h 6 Aut (Vk) l ( (u )h , ( v )h )  = (u , v )  for all u , v  6 Vk} 

and S p ~ ( k -  1,F) = Stabsp(k,F)(ek-a). Then Sp~(k - 2 , F )  can be identified 

with Stabsp(k,g){ek-a,6k}. Ifh 6 Sp(k-2 ,F)  we can extend it to h' 6 Sp~(k,F) 

letting (e~_l)h '  = ek-1 and (6~)h t = 6k. 

We want to find a presentation of the group Sp~(k, F) for any k. 

We denote by O ,  a group with generators T1,... ,T,-1 and rdations 

m ( ~ + I ) * T ,  = (T,)*(T,+I)  -1  for i = 1 , . . .  , ,  - 2, 

R,2 TiTj = TjTi  f o r l i - j [ > l ,  

R3 (T1)P = 1, 

R4 (T1T2) 8 = 1, 

R5 ((T2) ') 'T~P-1/2)  = (T1)*T~, 

R6 (TIT2Ta) 4 = ((TI)2)*T2TfIT(2P-*/2)T4T~aT4 (only for n > 4). 

The first two relations R1 and R2 define the classical braid group B~ so G .  is 

a quotient of B. .  
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By relations R1 and R3 (Ti) p = 1 for all i so, as in the case of the transvections, 

we can consider exponents of Ti's as elements of F.  We shall write Ti,a for (71/) a, 

e.g. TI,1/2 = Tl,(p+l/2)  = (T1) (p+1/2). 

Let C,(T/) = 0i,i = 1 , . . . , n  - 1. Direct verification shows that  ¢ ,  maps 

relations R1-R6 onto true relations in Sp~(n - 1 ,F)  so ¢,, extends to a homo- 

morphism ¢ ,  : G ,  ~ Sp~(n - 1, F) .  Theorem 1 of the introduction is equivalent 

to 

THEOREM 1: ¢ ,  is an isomorphism. 

We shall now prove Theorem 1 for n = 3. We shall use a known presentation 

of Sp(2,p) = Sp (2, F).  

1.1 PROPOSITION (J.G. Sunday): T h e  group Sp(2,p) has a presentat ion wi th  

generators S, T and relations S p = T 2 = (ST) s = ( S(P+I/2)TS4T) 2 where 

[0 :] 
1.2  PROPOSITION: ~s is an isomorphism.  

Proo£" In our standard basis 61,62 the transvections 01,02 are represented by 

matrices 
1 -[1 

where the action is on the right on row vectors. Let D = 0 1 0 2 0 1  . Then T = D 

and S = D281. So ~b3 : G3 -+ Sp(2,p) is onto. We shall define the inverse 

map ¢.  Let ¢ (S )  = (T1T2T1)2T1 = A ,¢ (T)  = TIT2T1 = B .  We have to check 

that  the relations defined in 1.1 are mapped onto relations in G3. We have 

T I B  = BT2 by R1 and T i B  2 = B2Ti  by R1. B 4 = (TIT2) s = 1 by R1 and R4. 

So A p = B2PT~ = B 2 and 

( A B )  3 = B 2 T I B 3 T 1 B S T 1 B  = T1T2T1B 9 = B 1° = B 2. 

Finally 

= BV+IT'(P+I/2)I BT~B9 ~4 p-b2T~(p"[-1/2)BT~B9 4 

rp(p+ l/2) rl~4rp(P+ l /2)q'4 
-~ ~1 ~2 ~1 ~2 

= (by R5 and T:2T1f fl  
= (by R1 ) B 2 
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as required. | 

1.3 LE~MA: I f u  E V,~,h E Sp~(n ,F )  and v = (u)h then 0~ = (O~,)*h. 

Proof.." For any w E Vn we have 

(w)h-10.h = ( ( w ) h  - ( ( w ) h  - 1 ,  = ) . ) h  = - - ' ,  . ) ( = ) h  

= w - (w, (u)h)(u)h = w - (w, v)v = (w)O~. | 

1.4 COROLLARY: The following relations are satisfied in G ,  : 

It7 (ri,b)*ri+l,, = ( T i q - l , b . , ) * T i , - 1 / .  . 

Proof: It suffices to prove the corollary for b = 1. Since the pair Ti,Ti+l is 

conjugate to the pair T1, Tz in Gn,  it sufllces to prove the corollary for i = 1. We 

denote by L the left side of R7 and by R the right side. We apply ft,  to both 

sides of 1t7. ~ ( T 1 )  = 01. Let u = (61)T2,, = 51 - a6z. By 1.3, fin(L) = 0,. 

~,(T2) = 0~. Let w = adf2. Then 0w = 02,,2, 

(W)Ol ,_ l / .  = w + ( 1 / a ) ( w ,   1)51 = 

Clearly 0m = 0-u and, by 1.3, ~n(R) = 0,. Thus fin(R) = fin(L). But by 1.2, ff~ 

restricted to the subgroup of G~ generated by 7'1 and Tz is a monomorphism, so 

R = L .  | 

2. Relations Between G.  and Gn-1 for n E v e n  

We fix an even number n > 4 and assume that Theorem 1 is true for n - 1. In 

this section we shall prove that  ~bn is an isomorphism and in section 4 we shall 

prove that ~,+1 is an isomorphism. Theorem 1 will follow by induction. 

Let Hi,k be the subgroup of Gn generated by T/, T i + l , . . . ,  Tk, k < n. It follows 

from our assumptions that ~ restricted to H1,~-2 is a monomorphism.  

2.1 LEMMA: Suppose that ~rn restricted to HI,~ is a monomorp~sm l¢or some 

k < m (this is true i n p a r t i c u l a r f o r m  = n a n d k  < n - l ) .  Let A , B  E 

Hi, i+~- l , i  + k - 1 < m, be such that ¢,n(A) = era(B). Then A = B. 

Proof." Let D = T m - I T , ~ - 2 . . . T 1 .  F o r j  < m - I , T ~ D = T j + I  so 

D-1HI,kD H2,k+t and n l - i u  r~i-1 = /-~ ~1.1  , k / - i  = H i , i + k - 1 .  
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Let 4m(D) = d • Sp~(m - I,F). Then for A • Hl,k,~m(A)*d = 4m(A*D). It 

follows that  ~bm restricted to Hi,i+/~-i is a monomorphism. | 

For k odd, k < n, let Ek denote the transvection with respect to vector ek. 

Let F1 = T1 and for k odd, k > 1 let 

rk  : (rk-2)*Tk-lTk,-1Tk-1,-l l2Tk+ITk,2Tk+l.  

2.2 LEMMA: (i) ~ , (Fk)  = Ek for k = 1 , 3 , . . . , n  - 1 .  

(ii) ~ , ( r ~ )  = (Ek-28k_lSk) 4 for k = 3 , . . . , ,  - 1. 

Proof." (i) follows by induction from Lemma 1.3 and definitions. The action of 

both sides of (ii) on V, can be compared directly. | 

2.3 LEMMA: (i) I ' , - s  commutes  with Tk for k not  equM to n - 2. 

(ii) Let  ~r(T1) -- F , - s , a ( T 2 )  = T , -2 , a (Ts )  = T , -1 .  Then a extends to a homo- 

morp/dsm ~r : G4 --+ G , .  

(iii) ( r , _ s T , - 2 T , - 1 )  4p = 1. 

Proof." F , - s  • H L , - 2 .  By 2.2, ~b,(F,-s) = E , - s .  Clearly En - s  commutes 

with 8k for k < n - 2, hence F , - s  commutes with Tk for k < n - 2 by 2.1 . Also 

by 2.2 and 2.1, 

I'2 , - s  = ( F n - s T - - 4 T - - s )  4 • H l , . - s ,  ( F . - s )  p --  1, 

hence F . - s  6 Hi ,n - s ,  and F . - s  commutes with Tn-1 by R2. There exists 

h e Sp~(n - 1,p) such that ( 6 ) h  = e . - s  and (62)h = 6 . -2 .  Thus ,  by 1.3, 

any relation between 01 and 82 corresponds to a relation between E . - s  and 

8.-2.  Since r . - s  E H l , . - s  it follows by 2.1, 2.2 and the definitions that  tr takes 

relations R1-R5 onto relations in G . .  It remains to prove (iii) for n = 4. 

(T1T2Ts) 4 = (TIT2)STsT2T1,2T2Ts (by R1 and R2) 

: T I _ 2 ( T 2 _ I T I _ 2 T 2 _ I T s T 2 T 1 , 2 T 2 ) T  3 (by R4 and R1). 

Each factor of the last expression has order p in G , ,  by 1t3 . If we prove that 

the factors commute with each other we are done.  By R1 and 1t2 the first factor 

commutes with the others and we have 

T2 _ l T1,_ 2 72,_173 72 71,2 72 73 -~ T3 72 71,2 72 T3 72,_ I T1_ 2 72 _ 1. 



Vol. 76, 1991 A BRAIDLIKE PRESENTATION OF Sp(n,p) 271 

By R4 and R1 we have T2TI,2T2 = TI,-4T2,-ITI,-2T2,-I. Since also TI commutes 

with Ts and with T2T1,2T2 we are done. | 

It follows from Lemma 2.3 that there exists a split epimorphism Pn : G ,  --} 

G , - I  - Hi ,n-2 such that p,(Tj)  = T i for j = 1 , . . . ,  n -  2 and p,(Tn-1) = rn_s. 

Let 6'1 : r n - s T , -1 , -1 ,C i  = C.~_IT~-i for i --- 2 , . . . , n  - 2 .  Clearly Ci belongs 

to the kernel of pn. 

2.4 LEMMA: (i) ker Pn is generated by C1,. . . ,C~-2,  and C~ = 1 for i = 

1 , . . . , n - 2 .  

(ii) Let C be the commutator C = [C1, C2]. Then C n = 1 and the commutant 

subKroup (ker p , ) '  is cyclic, centra/, generated by C. 

n Proof: (i) Clearly r , - s  = 1 and r , - s  commutes with T,-1,  hence C~ -- 1 for 

= 1 , . . .  ,n  - 2. Since p ,  splits kerp, is generated by the conjugates of C1 by 

the elements of Hx,,-2.  It suffices to prove that C*T i belongs to the subgroup 

K generated by C1, . . .  , C , - 2  for j = 1 , . . .  ,n  - 2. It follows from R1, 1t2, and 

2.3 that  C*Tj = Ci for j < n - i - 1 or j > n - i. Also C*Tn-i-1 = Ci+l for 

i < n - 2 .  

We shall prove that C~T,-2 = C2C~'1C2. We have 

C2Ci C2 = 
-I T, Tn-2,-1Tn-1,-lrn-3Tn-2~n_3Tn-lTn-2,-l~n-3Tn-1,-1 n--2 : 

(by R1 and 2.3ii) 

Tn-2, -  1 Tn-1 , -  1 Tn-2,-I rn-3 Tn-2 Tn-1 Tn-2, -  1 r n - 3 T n - 1 , - I  Tn-2 -~- 

(by R1 and 2.3i) 

Tn-2,_I Tn-1,-1Tn-2,-1Tn-1,-l rn-3Tn-2Tn-l  ~n-3Tn-l , - I  Tn-2 : 

(by R1 ar.d 2.3i) 

Tn-2,-2 Tn-l,-1Tn-2,-I rn-3Tn-2~r,-3Tn-2 -~ 

(by R1 and 2.3ii) 

Tn_2 _2 Tn_ 1,_ 1Tn_2 _lTn_2 rn_3 Tn_2,2 : 
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T.-2,- ,C2T.-2, ,  = C T.-2 

as required. 

We shall prove now by induction that C~Tn- j  = CjC'~11Cj • K for j = 

2 , . . . ,  n - 2. Conjugating each term of the last equality by T n - j - l T n - j  we get 

(C~+ITn_j_I)  = Cj. i . lC;Icj+I . Starting from the equality C~T,,-2 = C 2 C 1 1 C 2  

we get the required result by induction. 

It remains to conjugate Cn-2 by T1, but since Hi,n-2 is also generated by 

T2, T s , . . . ,  Tn-2,  Fn-s we shall conjugate by Fn-s instead. 

(by 2.3) 

( C ~ F , - s  )*T , - sT , , -4  . . " T2. 

C~rn-s* = Fn_sTn_2,_lTn_l,_lrn_3Tn_2rn_s-1 : 

(by 2.1 and 2.3ii) 

--1 T Fn_3Tn-2,-ITn-l ,-ITn-2Fn-3 n--2---- 

(by 2.1) 

(ii) 

r'~IsTn_lTn_2,_lTn_l,_,rn_sTn_2 = C11C 2 ~ K .  

C ~-~ ~ 1 ~ 2 ~ 1 1 C 2 1  ~-- 

-1 ~ - I  
rn_3Tn_l ,_iTn_2-1Tn-1,- lrn-3Tn-2rn_3Tn-ITn-2,-ITr~-I  n - 3 T n - 2  = 

(by 2.3ii) 

rn_3Tn_1_l Tn_2,_1Tn_l _l Tn_2 _1r._3 Tn_2Tn_l Tn_2 _1Tn-1rn13 Tn-2 : 

(by RI) 

-1 T rn_3Tn_ l_ iTn_2 ,_ iTn - l - lTn -2 -1~n-3Tn-1 , - ITn -2Tn- ITn- l rn_  3 n-2 = 

(by 2.3i) 

-1 T r n _ 3 T n _ l _ l T n _ 2 , _ l T n _ l , _ l T n _ 2 - 1 T n - 1 , - I r n - 3 T n - 2 r . _ 3 T n - I T n - 1  n - 2  : 
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(by R1 and 2.3li) 

r._s( T._l,_~ T.-2,-, )sr.-sT.-2T.-, T.-~ T.-2. 

273 

(by 117) 

c = r._s(T._IT._2)-'r._,T,,_2T.-1T,,_,T.-2 
= * T~ r._~T._,,_2(r._aT._2T.-~T._~ .-2). 

Since T.-s  commutes with F . - s  and with T._, it remains to prove that it c o m -  

* T~ mutes with F._sT._2T._I,2 . -2 or that 

A = F:_,T._2T._,,2T._2T._,T._2,_~T._,,_2T._2,_~ 

is equal to F . - s .  By R1 and 1t2 

A = F:_sT.-2T.-,,-IT.-,,2T.-2T.-I,-2T.-sT.-2,-, = 

r * _ s T . - 2 T . - 3 , - 1 T . - 2 , - , I 2 T . - , , 4 T . - 2 , , I 2 T . - 3 T . - 2 , - 1 .  

Let u = ( e . - 3 ) T . - 2 T . - s , - 1 T . - 2 , - , I 2  = e , , - 5  + ~.,~,,-s = ( e , , - 5 ) T , , - 4 T . - s , , ~ T , . , - , .  

Then by 1.3, 

~ . ( r : _ , T . - 2 T . - , , - , T . - 2 , - 1 / 2 )  = S. = ~ . ( r : _ s T . - , T . - 3 , 2 T . - , ) .  

By 2.1 we have P~,_3Tn-2T,,-s,-,Tn_2,_I/2 = F*_sT.-4T.-3,2Tn-4 commutes 

with T . - I .  Therefore 

F*._sT._2T._s,_I T._2,_, /2T._I,4 = r~_s T._2T.-s,_I T._2,_, /2 

and A = P.-s .  So C belongs to the center of G . .  Now for i < j we have 

[Ci, Ci] = It,, C2]'T.-,T.-4"" T.-iT.-2T.-,'" T.-i = C. 

By 1t4 and 111 the expression in the bracket is equal to (T._2T._I) 3, so by 111 

and 2.3 we have C -- (F.-3Tn-2Tn-1) 4. By 2.3iii, C P = 1. 

We shall prove that C lies in the center of G . .  By R1, 1t2, and 2.3, C commutes 

with ~ for { ~ n - 3. We have seen before that 
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Therefore the commutant subgroup of kerp,  is the cyclic subgroup of order p 

generated by C. This concludes the proof of Lemma 2.4. 1 

We shall define a map p' : Sp~(n - 1, F )  ~ Sp~(n - 2, F).  First let P , - I  : 

Vn-1 ~ V.-2 be a linear map such that (6i)Pn-1 = 6i for i < n - 1 and 

(6 . -1 )p , -1  = - e n - s  so ker p , -1  is spanned by e , - l .  Now for u E V,-2 and 

h E Sp~(n - 1, F )  let (u)p'(h) = ((u)h)pn-1. It is easy to check that p' is a 

homomorphism and we have a commutative diagram with exact rows: 

1 --* kerp. ~ Gn ~ Gn-1 --* 1 
Cnlkerp. ~ Cn ~ ¢n-1 l 

1 --, kerp, --, S p ~ ( n -  1,V) S p ~ ( n -  2,F) 1 

We want to prove that ¢ ,  is an isomorphism. By the induction hypothesis ¢ , - 1  

is an isomorphism, so it suffices to prove that ¢ , [kerp,  is an isomorphism. We 

shall determine kerp'. If h • kerp' then (6i)h = 6 i + aie ,_ l  for j = 1 , . . . ,  n - 1. 

Also ( e , -1 )h  = e , -1 .  It follows that the correspondence h ~ ( a l , . . . , a , - 2 )  

defines a homomorphism, say/~, of kerp' into an abelian group F "-2. Let hi = 

¢n(Ci) for i = 1 , . . . , n - 2 .  Then hi • kerp'. (6i)hl = 6 i for j < n - 2  

and (6 , -2)h l  = 6 , - 2 + e , - 1 .  It follows that (61)hi = 6 i for j < n - i - 1  

and (6 , - i -1)hi  = 6 , - i -1  + e , - l .  Thus i~(hi),i = 1 , . . . , n  - 2 form a basis of 

F "-2 and / z  is onto. If h belongs to ker/~ then (6i)h = 6 i for j = 1 , . . . ,  n - 

1, (6,)h = 6, + ae,-1 so ker/~ is a cyclic group of order p, or a trivial group. But 

(~ , )¢ , (C)  = 6, + 2e,-1 and ¢ , (C)  • kerg. So ker/z is not trivial, kerp' has p , - 1  

elements and ¢ , lkerp ,  is onto. By Lemma 2.4 kerp,  has at most p , -1  elements, 

so ¢ ,  Ikerp, is an isomorphism. We have proven the following: 

2.6 PROPOSITION: Ca is an isomorphism. 

3. S o m e  P r o p e r t i e s  o f  Gn+I 

We assume that  n > 2 is a fixed even number and that ¢ .  is an isomorphism. 

Thus ¢.+x restricted to H1, . -1  is a monomorphism. 

We let S = (T . )*T . -1 , - iT . -2 , -2T . - I , -1  E G . + I  and welet H be the subgroup 

of G . + I  generated by T1 , . . . ,  7' .-2, S, T. .  This section will be devoted to a proof 

of the following 

3.1 PROPOSITION: Let W E G . + I  be such that (6 . )W = 6.. Then W q H.  

An element W of G . + I  can be written in a form W = rI~=l Tj(i),a(0 where by 

"=" we mean equality in a free group while W = W1 means equality in the group 
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G, ,+I .  We shall say t ha t  a word W = 1-I~=x Ts(o,a(O is reduced if j ( i )  # j ( i  + 1) 

and  a ( i )  # 0 for i = 1 , . . . ,  s. If  W is reduced then  the  length of W is £(W) = s. 

We shall say tha t  W represents  a vector  u E V,, if ( 6 , ) W  = u. We want  to prove 

by  induct ion on g(W) tha t  if W represents  6 ,  then  W E H .  Apply ing  consecutive 

t e rms  of W to 6,, we get a sequence of vec to r s .  We shall prove Propos i t ion  3.1 

by  induct ion on the  "complexi ty"  of these vec to r s .  If  v = En=lai6i E Vn we let 

a0 = 0 = a, ,+l to unify n o t a t i o n .  

3.2 DEFINITION. Let 0 # v -- ~n=lai~i E Vn. Let ar be  the  first non-zero 

coordinate  of v. Then  r(v) = r. Let e(v) = 1 if an = 0 or an = 1 and e(v) = 2 

otherwise.  A coordinate  ai is p a s s i v e  if ai = 0 and  a i -1  = a i+l  # 0. Let P 

be  the  number  of  the  passive coordinates  of v and let N be  the  n u m b e r  of  the  

non-zero coordinates  of  v. Vector v is s p e c i a l  if 

v # 6 .  and  v = b(6.-2k + 6.-2k+2 + . . .  + 6 . ) .  

The  complexity of v equals c(v) = 2(n - r )  + e(v) + 1 if v is special and  

c(v) = 2(n - r)  + e(v) + P - N if v is not  special. | 

3.3 DEFINITION. Let 0 # v = E'~=lai6iVn. A coordinate  aj is r e d u c i n g  if 

a j+ l  # aj-1 and if, af ter  we replace a j  by  a sui table bj, the  complexi ty  of  v 

decreases. Tj,~ r e d u c e s  v if c((v)Tj,a) < c(v). 

If  aj is a reducing coordinate  of n then  Tj,~ reduces v for a sui table  choice of  

because  (n)Tj,~ = v + a(aj+l - aj-1)6j, so we can change aj into an a rb i t r a ry  

bs. 

3.4 LEMMA: Let 0 # v = En=lai6i E Vn. Let ar be the first non-zero coordinate 

of v. Let a s be a coordinate of v such that aj+l ~ aS_l. Let w = (v)Ts,~,a # O, 

and let b s = a s + a(aS+l  - as_l ) be the j-coordinate of w. Then 

(i) I c ( w ) -  c(v)l < 1. 
(ii) a j  is a reducing coordinate  of  v if  and only i f  one of  the following is satisfied: 

(a) j = n , a . _ l  # O ,a .  # 1. TS,a reducesv i f b n  = 1, i.e. i f (~ = ( 1 -  

a i ) / (aS+l  - aS-x).  
(b) r < j < n, a s = O, as+l # as_l. TS,a reduces v i f  it does not  introduce a 

new passive coordinate, i.e. TS,~ does not reduce  v for  a t  most one va/ue of a. 

(e) r < j < n,a s # O, aj has a passive neighbour and a nonzero neighbour. 

TS,~ reduces  v whenever b s # O, i.e. TS,a does not reduce  v for  exactly one va/ue 

of or, ot = --aj/(as+ 1 -- aS_l). 



276 B. WAJNRYB ~r. J. Math. 

(d) j = r, ar+l ~ 0 and v - ar6r iS not special Tj,= reduces v when bj = O, 

i.e. a = -a j / (a j+a - aj_~). 

(e) j = r - 1 and v is special. T~,= reduces v for all a. 

Proof: Follows from the definitions. | 

3.5 LEMMA: Let 0 ~ v - E~__la,6, E V~. Then 

(i) ~(~) >_ 0. c(~)  = o ~ d  o ~ y  ~ = 6 . .  ~ h ~  ~ red~cm~ c o o r d i n a t e .  

(ii) h eat ,  at+l ~ 0 then there exists a reducing coordinate a m ,m  <_ t, unless 

t = r(v) and v - a,~,  is special. 

(iii) Suppose aj is a reducing coordinate of v satisfying 3.4ii(b) or 3.4ii(e). Let 

[ k - J l  = 1, let w = (v)Tk,~, and le t  bk be the k-coordinate o f w .  Then aj is a 

reducing coordinate of  w and satisaes again 3.4ii(b ) or 3.4ii(e) with the exception 

of the following cases: 

(a) aj  = O, a~ ~ 0 and the neighbours of aj in w are equal to zero. Then N 

decreases so c(w) > , (o) .  

(b) aj = O, ak ~ 0 and the neighbours of aj in w are equal but not zero. Then 

aj becomes passive so P increases and e(w) > c(v). 

(e) a i = O, ak = 0 and the neighbours of aj in w are equal. Then aj becomes 

pnssiee so P increases by I and N increases by 1, c(w) = c(v). Also a~ satisfies 

3.4ii(b) and is reducing. 

(d) aj  ~ O, a ,  ~ O, n > k > r and bk = O. Then, i f  ah has a passive neighbour, 

c(w) = c(v) and ak is reducing, l.f ak has no passive neighbour then c(w) > c(v). 

(e) aj  :~ O, a~: -~ O, a/~ ~ 1, k = n, bl~ = O. Then a~ is reducing and c(w) = c(v). 

(f) aj # O, ak = 1, k = n, bk = O. Then c(w) > c(v). 

(g) a i # O, ak ~ O, k = r = j -- 1, bk = 0 and w is spedal  . Then c(w) > c(v). 

(h)  a i  ~ O, ak ~ O, k = r = j - 1, b~ = 0 and w is not  special .  

Proo£" Part  (i) follows from the definitions . Suppose a t - i -1  = O, at - i  

0 ,a t - i+1  ~ 0 , . . . ,  at ~ 0, at+l ~ 0. If 04-i-1 is passive then a~-i is reduc- 

ing. If a t - i - 1  is not passive and t - i ~ r then a t - i - 1  is reducing. If t - i = r 

then at- i  is reducing by 3.3ill(b) unless t = r and v - ar6r is special.  This proves 

part  (ii). Par t  (iii) follows from definitions. | 

3.6 LEMMA-DEFINITION: Let 0 ~ v = E~ffilai6 i E Vn and let r(v) = r. There 

exists a reduced word W = II~=lTj(1),a(i ) of length c( v ) representing v. There is 

no shorter word representing v, so W is eal/ed s m i n i m a l  r e p r e s e n t a t i v e  of  v. 
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I f  Tj,~ reduces v then there is a m i n i m M  representat ive o f  v wi th  the  l ~ t  term 

T£_~.  A m i n i m M  representat ive  W satisfies the following: 

For MI i , j ( i )  > r - 1 i f  v is not  speciM and j ( i )  > r - 2 f f  v is special, j ( i )  = n 

for at mos t  one va/ue o f i  and j ( i )  ~ n i f  an = 1. 

I f  rn < n then j ( i )  = rn for at mos t  two va/ues of  i. 

I f  a , ,  ~ 0 is not  reducing and has a non-zero neighbour then j ( i )  = rn for at 

mos t  one va/ue of i. 

Proo£" If Tj,a reduces v then (v)T£~ has lower complexity, so the existence of 

W with the last te rm T j_~  follows from 3.5i by induction on c(v). There is no 

shorter representative of v by 3.4i.  If  v is not special then it will never become 

special in the reduction process, so the j -coordinate will never become reducing 

for j < r and j ( i )  > r - 1 for all i. If  v is special then (v)Tr- l ,a  is not special 

and j ( i )  > r - 2. If an = 1 then a ,  is not reducing and the n-coordinate will 

never become reducing in the reduction process, by 3.4ii(a), so j ( i )  ~ n. Let 

Wk = II/k=lTj(i),~(i) and let vk = (6n)Wk. Then c(vk+l) = c(v~) -b 1 for all k. If 

j ( t )  = n then the n-coordinate of vt is not 1 and a later change of the n-coordinate 

would not increase the complexity so j ( i )  ~ n for i > t. Let rn < n and let t~ 

be the smallest value such that  j ( t l )  = rn. Then the m-coordinate of vtt is not 

zero. If  t2 is the next such value then the m-coordinate of vt2 is reducing. Either 

vt2 is special and we cannot increase its complexity by one move or rn > r(vt2). 

The m-coordinate is zero or it has a passive neighbour. If we increase complexity 

getting vector va, the neighbour remains passive and rn > r(vs).  A later change 

of the m-coordinate would not increase the complexity, so j ( i )  ~ m for i > t2. If 

the m-coordinate of vt2 is not zero it has a passive neighhour,  and the neighbour 

will remain passive in v . If  am is not reducing in v then its other neighhour 

must he zero, so am has no non-zero neighbour. This completes the proof of the 

lemma. | 

$ . . . We shall fix now a reduced word W = IIi=lTjco,a(O representing 6n- Let 

Wh k (~n)Wk.  Let q be the smallest index such = IIi=lTj(i),a(i ) and let v~ = 

that  e(v~) > c(vq+l), i.e. c(vk) < k for k > q. We shall prove that  W E H 

by induction on s = e(W) and for a given s by induction on q. If s = 0 then 

W = I E H .  

If q = 0 then c(8,,) _> c(vl ) ,  hence vx = 6,, ,j(1) ¢ n - 1,Tjo),,,O) E H ,  and 
$ 

IIi=2Ti(i),~(, ) also represents 8,~. Therefore W E H by induction on s. 
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Let vq = E'~=laibi. Let ar be the first nonzero coordinate of vq. 

Let j (q )  = j , a ( q )  = a , j ( q  + l )  = k , a (q  + l )  = ft. Then a i is a reduc ing  

coordinate of vq, since c(vq) > c(v¢- l )  and Vq-x = (v¢_~)Tj_~.  

3.7 LEMMA: (i) If  Tj,. t reduces v¢ and Tm,s reduces Vq+l and V is any min/ma/ 

representative of (v~)Tj,~ and U is any minima/representative of (vq+~)Tm,6, 

then we may assume W = VTj ,~Tt ,~T. , , sU -~ and £ (W)  < 2q + 2. I f  W '  = 

IIiS=lTj,(i),a,(i) and W '  represents ~,, and 

£(W') < 2q + 2 and v~ t = ( $ . ) I I ~ = ~ T i , ( 0 , . , ( 0  

then c(,~+~) < q + 1. 

(ii) I f  ak is reducing then we may assume that  T~,~ reduces vq. Also we may 

" • • • ' = vq, j ' (q)  = sw/tch j and k and assume that W = W' _= IIi=lTf(,),~,(0 w~th vq 

k , j ' ( q  + 1) = j .  

(iii) If  at  is not reducing and V is any minima/representative ofvq,  then we can 

replace W~ by V in W .  

(iv) If  IJ - k] = 1 and there exists 7 such that Tj,. t reduces v~ and Vq+l, then 

W = W;_lTt,x/ . tTi,~.~:Tk,_i/ . tU =_ W ' , ~ ( W ' )  = £(W),v 'q_,  = (v , )T i ,~ ,v  ~ = 

, T c ( . ; )  < = (v ,_~) t,1/.y. I f  c(v,_~) then W • H, /n particular i f  vq vq+~ then 

Ti,_a reduces vq+l, so 

' = ( v q - 1 ) T t , _ s / . .  W = Wq_lYt)l_l/ciYj,jffot~Yt)l/a(Wq-1) -1 and v¢ 

I fc(v~)  <_ c(v,-1) then W • H. 

Proof." (i) Let W =- Wq-~Ti,aTk,~U1. Let V be any minimal representative of 

(vq)Ti,. t and let U be any minimal representative of (Vq+l)Tm,s. Then 

w - (Wq_iTj,~,_.,V-~)VT~,.,Tk,#Tm,6U-I(UT,),,-~). 

Brackets represent 6n and have length smaller than £(W). By induction it suffices 

to prove that W G H for W - VT£.yTk,~Tm,6U -1 and then £ (W)  < 2q + 2. The 

second statement of (i) is obvious from definitions. 

(ii) If T~,e reduces v¢ and V is a minimal representative of (v~)Tk,t, then 

W = WgTk,~U = ( W q T k , , V - 1 ) ( V T k , ~ - , U ) ,  both brackets represent &, and the 

second bracket has length smaller than £(W) since £(V) = q - 1 < £(U). So 

we may assume Tk,~ = Tk,~ reduces vq. Now, by (i), W = Wq_ITi ,aTk,~U 
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where U-1Tk_~  is a minimal representative of vq. It suffices to prove that 

W '  = W -1  = U-1Tk,-pT ,.W,-a 6 H which  proves  ( i i ) .  

(iii) If a~ is not reducing and V is any minimal representative of vq, then W = 

WqTk,~U = (Wq V - I  )(VTk,~U). Both brackets represent ~f,, and £(WqV -~ ) = 

2q < 2q + 1 = £(W) so we may assume W = VTk,BU. 

(iv) By (i) we may assume W = W~_ITj,_.tTk,~Tj.rU with vq_ 1 '  = (v~)Tj. t. 

I 2 Now by R7, W = W~_ITk,1/.tTj,~.r Tk_l / . tU as required.  

If c(v'q) < c(v¢-l)  then W 6 H by induction on q. | 

$ 3.8 LEMMA: I f  either vq = vq+~ or I k -  Jl > 1, then W = W '  = IIi=~Tj,(i),a,(O 

and j ' ( i )  = j for at most one value of i < q. I f  also j = n then j ' ( i )  # n for a// 

i < q .  

I f  lk - j l  = 1 and r < j < n, and r < k < n or k = n and a ,  # 1, 

then Tj,. t does not reduce vq or vq+x for at most two values of  7. /n particular 

W = W t - IIiS=lTj,(i),a,(i) and j ' ( i )  = j for at most one value of i  < q. 

Proof: I f  [k - j[ > 1 then, by R2, we can replace TL,~Tk,~ by Tk,~Tj,,~ ira W 

getting W' .  Now j ' ( i )  = j a stun/let number of times than j ( i )  = j for i < q. / t  

IJ - kl = 1 and vg = vq+l then, by 3.7iv, W~ = Wq-IT~,-x/ , ,  and again j ' ( i )  = j 

a smaller number of times than j ( i )  = j for i < q. Suppose now ]k - J[ = 1 and 

vq # vq+l. aj is reducing and n > j > r. So aj satisties 3.4lib or 3.4iic. We have 

c(vq) > c(vq+l) and, by 3.7ii, i f  ak is reducing then c(vq) > c(vg+~), therefore by 

3.5 aj is a reducing coordinate of vq+l. By  3.4lib and 3.4iic T j .  r does not reduce 

vq or vq+~ for at most two values of 7. Since p > 3 there exists 7 such that Tj,. t 

reduces vq and Vq+l and then, by 3. 7iv, 

$ 

W W' - i__II1Tj,(i),a,(0, j ' (q) = k and ' = v,_i = (v,)Tj,. t. 

Since n > j > r the j-coordinate of v' is not reducing, not zero, and has a q--1 

non-zero neighbour . Thus j ' ( i )  = j for at most one v'due of i < q + 1, by 3.6. 

| 

3.9 LEbIMA: (i) I f W  6 H n - 2 , n  then W 6 H.  

(ii) I f  W 6 H l , . - I  then W 6 H. 

(iii) Ifvq =/3(~r + 6r+2 + . . .  + 6 , -2)  + 6 , , r  even,/3 # 1, then W 6 H.  

Proof:  (i)  ( 6 , ) w  = 6, for i < n - 3  and  i = n. = 

c~.. Since ((6._~)W, 6.)  = 0 we have b = O. If also c = 0 then (,f ._a)WT,,_~,. = 



280 B. WAJNRYB Isr. J. Math. 

6 . - s .  Now ( 6 n - 1 ) W T . - 2 , a  = a 6 . - 2  + fl6n-1 + 76. .  The intersection form is 

preserved so a = 0,fl = 1. ( 6 . _ I )WT ._2 , c ,T . , .  r = 6 . -1 .  We must also have 

(6 . -2 )WTn-2 , c ,  Tn,.y = 6 . -2 .  It follows that ¢ .+~(WT._2 , .T . , . r )  = 1 hence W = 

T. ,_~T._~, -c ,  • H ,  by 2.1. 

If c ~ 0 then (6.-s)WTn-2,a-2c = 6.-s + 2c6.-2 + c6.. Let u = 26.-2 + 6. = 

(6n)Tn-1,-1Tn-2,-2T.-1,-*. Then, by 1.3, 4.+,(S) = T. hence 

( 6.-s )WT.-2,.-2cS ~/2 = 6.-s. 

We continue as in the case c = 0 and get Cn+l(WT._2,a_2cSC/2Tn,~)  = 1, so by 

2.1, W = T. ,- .rS-C/2Tn-2,2c- , ,  • H .  

(ii) Let A = ¢ .+I (W) .  The subspace V.-1 is A-invariant and (6.)A = 6.. 

For i < n - 1,(6i)A 6 V.-1 and ((6i)A,6.)  = 0, hence Vn-2 is A-invariant. 

There exists B • Sp(n - 2, F )  such that A restricted to ]7.-2 equals B. Then 

( 6 i ) A B  -~ = 6~ for i ~ n - 1. Also (6 ._ I )AB -1 • V._~. Since the intersection 

form is preserved it follows that  ( 6 n - 1 ) A B  -1 = 6 . -1  and A = B.  Since ¢ . - 1  is 

an isomorphism there exists W1 • H1, . -2  such that Cn-I(WI)  = B = A. Now, 

by 2.1, W = W1 • H~ , . -2  C H. 

(iii) Let U be a minimal representative of vq. Since an -- 1, U • Hr, n-1, by 3.6. 

If k ~ n then Vq+l also has the last coordinate equal to 1 and, by 3.6 and 3.7i, 

W • Hi ,n-1  so W • H,  by part  (ii). We may assume k = n. Then vq = Vq+l 

and, by 3.7i, W = UT. ,~U -1. Since an is not reducing we can choose for U any 

minimal representative of vq, by 3.7ii, e.g. 

U -I =T.-,,~/I-~T.-2Tn-s"" 

Tr+lTr,-1rr+l,-1/2Tr+2,-2Tr+s,-1/2 . .. 

Tn-2,-2Tn-1,-~. 

Then (6 . )U -1 = a(6r + 6r+2 + . . .  + 6 . -2)  + 6. = w, where a = ~/ f l  - 1. By 1.3, 

¢ .+1(W) = 0w,~. Also W • H2, . .  

Let u; = a 6 . _ 2 + a . , u 2  = a($r+l +$~+s + . . . + 6 . - s ) , u s  = w + u 2 , u 4  = w - u 2 .  

Let [/1 be a minimal representative of ul. By 3.6, U; • Hn-2 , . .  Let A1 = 

(T.)*U1.  Then ¢n+;(A;)  = 8. , ,  by 1.3,  hence (6.)A1 = a .  and A1 • H by (i). 

us = ( u l ) T n - s T . - 4  " " " Tr, u4 = ( u l ) T . - s , - ; T . - 4 , - ;  " " Tr,-1. Applying Lemma 

3.6 with n replaced by n - 2 we find U2 • H~,.-2 such that (6.-2)U2 = u2. Let 

A2 = (Tn-2)*U2, As = ( A , ) T n - s T n - 4 . . .  T,., A4 = ( A 1 ) T n - s , - ; T n - 4 , - I " "  Tr,- ; .  
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Then Ai E H ,  Ai E H 2 , . , ¢ . + I ( A i )  = 8.~ for i = 1,2,3,4.  

hd d s i n c e  = O, w e  h a v e  
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Also 0~.0.~ = 

= - w ) w  - . = ) . =  = = 

for any vector v E V,+I.  Therefore (0w,~) 2 = C n + l ( W  2) = ¢ ,+I ( (AsA4A~2)P) .  

By 2.1, W 2 E H and, since W p = 1, W E H.  | 

3.10 COROLLARY: (i) / lea, = 1 then W E H.  

( i i ) / f  ai = 0 for i < n - 2 and vq # b(6,-2 + 6,) ,  then W E H.  

Proof." (i) By 3.6, Wg E//1,n--1. If also k # n then the last coordinate of vq+l is 

also equal to 1 and, by 3.6 and 3.7i, W E H1, , -1 ,  so W E H by 3.9. Suppose k = 

n. If Tk,~ changes the n-coordinate of vq then, by 3.2, c(%+l)  > C(Vq) contrary to 

the choice of q. So suppose vq+l = vq. If there exists a reducing coordinate am of 

vq different from a,,-1 then, by 3.7i and 3.7iii, W = Wq_lT ,  n,.tT,,~Tm,_.tW~_ll. 

Now Tra,-t cancels reducing the length of W. So we may assume that  a , - 1  = 0 

is the only reducing coordinate of %. But then it follows easily from 3.4 that  

vq = b(6r + 6r+2 + . . .  + 6n-2) + 6,,  

r even, and we are done by 3.9. 

(ii) If  vq # b(a,-2 + &,) then W, E H , - 2 . ,  by 3.6.  If k > n - 3 then, by 3.6 and 

3.7i, Wq E H , _ = , ,  and we are done by 3.9. If k < n - 3 then Tk commutes with 

Wq and g(W) decreases. If a , - 2  = 0 and k = n - 3 then T~ commutes with Wq 

and g(W) decreases. If a . - 2  # 0 then T , -3  increases c(%),  so k # n - 3. | 

3.11 LEMMA: I.f j ( i )  = n -- 1 for only one va/ue o f i  < q + 1, then W E H.  

Proof: We may assume j(1)  = n - 1. Otherwise Tj(1),~(x) E H and we can 

reduce g(W). By 3.10 we may assume that  j ( i )  = n for exactly one value of 

i < q + 1. Since T,  commutes with Tj(i),a(i ) for i = 2 , . . . ,  q we may assume 

j (2)  = n or j (q )  = n as convenient. We have a,,_, # 0. If  k # n -  1 we let 

j (q )  = n and we are done by 3.8 and 3.10. So we may assume k = n - 1. 

CASE 1: a , = a , _ ~ .  T h e n v q = % + l  a n d j ( q ) = n s o ,  by3 .8 ,  W = W ' w i t h  

j ' (q)  = n - 1 and j ' ( i )  < n for all i < q. We are done by 3.10. 
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CASE 2: an # a n - 2  # 0 .  We a s s u m e j ( 2 ) = n ,  s o j ( q )  <n.  I f j (q)  < n - - 2  
then the j -coord ina te  is reducing for bo th  vq and %+1. By 3.7i we may  assume 

w = W,_~T~,~Tk,#Tj,.,V = W,-IT~,~-.,Tk,#V 

and £(W) reduces. Ifj(q) = n - 2 then an-2  is reducing, so either r = n - 2, and 

we are done by 3 .9 ,  or a n - s  is passive. In the latter case 

V¢I . . . .  + a n - g ~ n - 4  3 t- att-2tJn-2 -t- a t t - l~n -1  -4" att~n 

where an -4  = an-s ;  

Vq+l . . . .  "t- an-, i6n-4 "4- an-2~Sn-2 "4- bn-l~Sn-1 + an~Sn. 

Since p > 3 there exists 7 such tha t  T n - 2 n  reduces vq and %+1. Also 

Vtq_l = (vg)Tn-2, .r  . . . .  "4" a n - 4 ~ n - 4  + bn-26n-2 + att--l~n--1 "4- anon 

and we can choose 3' such tha t  Tn-l,1/-t does not  increase c(v~_l). We are done 

by 3 .7 iv .  

CASE 3: an # an-2  = 0 and an-1 = an - s .  Then  an-2  is not  reducing and we 

may  assume j(q) < n, so j(q) < n -  2. If j(q) < n -  3 then Tj(q) _~ reduces %+1 

and  we are done by 3 .7 i .  If  j(q) = n - 3 then a n - s  is reducing, so a, ,-4 # 0 

and there exists a reducing coordinate at with t < n - 3, by 3.5ii .  Clearly at is 

reducing in %+1 and, by 3.7i, we may  assume 

w = Wq_ITi,oT~,#T,,.,U = Wq_~Ti,,,T,,.,T~,#U. 

Now j(q + 1) = t # n - 1, so we are done by 3.8 and 3.10 as before. 

CASE 4: an ~ an-2  = 0 and an-1 # an - s .  Now an-x  is not reducing and an-2  

is reducing, so we m a y  assume j(q) = n - 2 by 3.7ii. We have 

vf  . . . .  -F a n - 3 6 n - 3  "4- a n - 1 6 n - 1  "4- an6n, 

%+1 . . . .  + a . -s6 . -s  + b.-16.-1 + a.a. ,  b.-1 # a.-s.  

Since p > 3 there exists 7 such tha t  Tn-2,-t reduces vg and Vq+l and Tn- l , lh  
does not  increase c(v~_s) , where 

v'q_l = (vq)T.-2,~ . . . .  + a . - s~ . -3  + b.-2~.-2 + a. -1~.-1 + a J . ,  
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' T = (Vq--1) .--1,1/7 

and  
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• .. + an-s~n-S  + bn-2~n-2 + bn-l~n-1 + an6n, 

bn-2 = 7 ( a n - 1  -- an-s ) ,  

bn-1 =  n-1 + l/' (an - b, ,_ , )  = ll'Yan + , : 'n - , -  

We are  done by  3.7iv. | 

3.12 LEMMA: If [or some ra < n we have j(i) = m/or at most one value of i <_ q, 

then W E H .  

Proo f  (by  induction on ra, downwards):  If  m = n - 1 we are  done  by  3.11. 

Suppose  t ha t  the  l e m m a  is t rue  for m and  suppose  t ha t  j ( i )  = m - 1 for a t  mos t  

one value of  i < q + 1. 

CASE 1: The re  e x i s t s i 0  such t ha t  j ( i )  < m f o r i  > i 0  a n d j ( i )  e r a - 1  for 

i < i0 ( e.g. j ( i )  # m -  1 for all  i < q and  i0 = q, in p a r t i c u l a r  m = 1). By 

R2 we m a y  assume tha t  j ( i )  >_ m for i _< s and  j ( i )  _< m - 1 for i > s. By 

3.10 a n d  the  induc t ion  hypo thes i s  we m a y  assume t h a t  j ( i )  = n for one value of 

i < q and ,  for t = m , m + l , . . . , n - l , j ( i )  = t for two values o f /  < q. T h u s  

c(v , )  = 2(n - m)  + 1 = s and  r ( v , )  _> m. In Defini t ion 3.2, if v is not  special  

then  P < N - 1. Thus  c(v , )  < 2(n - r )  + e(v , )  - 1. I t  follows t ha t  v,  is special ,  

r ( v , )  = r e + l ,  and  for i > s , ( v , )T i (  0 = v°. Therefore  s = q and,  by  3.4ii, j = m.  
$ 

Then  k ~ m ,  vg = Vq+l and,  by  3.8, W = W '  =- IIi=lTf(o,~,(O and j ' ( i )  = j for 

at  most  one value of i _< q. We are  done by  the  induc t ion  hypothes is .  

CASE 2: j ( io)  = m - 1 and,  for some s > i o , j ( s )  > m - 1. By R2 we m a y  

assume t h a t j = j ( q ) > m - l > _ r .  I f v q = v q + l o r [ j - k [ > l o r [ j - k [ = l a n d  

r < j < n a n d r  < k < n o r k = n a n d a n # l ,  o r k = r a n d t h e r - c o o r d i n a t e  

of  vq+l is not  zero, t hen  by  3.8, W = W '  = I I i~lTj , ( i ) ,a , ( i  ) and  j ' ( i )  = j for a t  

mos t  one value of i < q + 1. Then  we are  done by  the  induc t ion  hypothes is .  We 

have an # 1 by  3.10. Let  us consider  the  r ema in ing  cases . 

j = r + 1, k = r ,  and  the  r - coo rd ina t e  of vq+l equals  0 .  T h e n  j = m,  m - 1 = 

r , c ( v , )  = q = - r ) .  A l s o  i s  n o t  s p e c i a l ,  = + = 

q - 1 = 2(n - r - 1) + 1, which is imposs ib le  for a non-specia l  vec tor  by  3.2. 

j = n, k = n - 1. Cons ider  the  h ighest  index t < q such t ha t  j ( t )  > m - 1. If 

t < i0 we m a y  assume tha t  j ( i )  < m - 1 for all  i > i0, by  R 2 ,  and  we are  done by  

Case 1. If  t > i0 and  j ( t )  < n - 1 we m a y  assume,  by  R2, t h a t  m - 1 < j (q )  < n 
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and we are done by 3.8. Let us suppose that j ( t )  = n - 1. We may assume by 

1t2 that  t = q - 1. Then a , -1  # 0, because an is reducing, and an-1 is reducing 

in vq-1. Therefore an-2 is passive. Since vq # vq+l we have an ~ 0, hence an-1 

is reducing in vq. So 

vq . . . .  4" an-s6n-3 "4- an-16n-1 "4- an6n 

with a ,_s  = a , - 1  # 0 and an # 0, an # 1. By 3.7ii we may switch j and k 
& and assume j = n - 1, k = n. Then, by 3.8, W = W'  =- IIi=lTf(o,a,(O with 

' = (v~_l)Tn,s. Now c(v~_l) > c(v~), by 3.2, and we are v' = (vq)Tn-l,~ and vq q--1 

done by induction on q. 

This concludes the proof of Proposition 3.1. | 

4. P r o o f  o f  T h e o r e m  1 

We fix an even number n > 4 and assume that  ~n-t-1 restricted to H1, , -1  is a 

monomorphism. 

4.1 LEMMA: Let a,(T1) = Fn-l ,an(T2) -= Tn. Let vn(T1) -- Fn-3,7"n(T2) = 

T, -2 ,  I",(Ts) = T , - I ,  7,(T4) = Tn. Then an extends to a homomorptdsm an : 

Gs --* Gn+l ,  and ~'n extends to a homomorphism r ,  : G5 ~ G , + I .  Also 1",-1 

commutes with T~ for k = 1, 2 , . . . ,  n - 1, and 

(Fn-1) 2 = (F.-3T._2T.-1)" e Hi,n-1.  

Proo~ By 1.3 and 2.1 we have the following fact, which will be used repeatedly: 

(P) Let Tj, Tk, W, W1 e Hi ,n-1  (respectively Ti, Tk, W, W1 e H~,n). Suppose 

that v = (a$i)W = (b~k)W1. Then (Ti,a,)*W = (Tk,b,)*W1 (since 

Ov = Cn+l((Tj,a, )*W) = Cn+l((Tk,b' )*W1)). 

We first prove the lemma for n = 4. Let 

U -~- T4T3_1T4_1/2T3,2T2,_lT3_2T2_lT4_1/2T3,_lT 4. 

Then ( ~ ) V  = ~ ,  (~2)V = ~, (~)~ = - ~ ,  (~)~ = 6 .  By (P) we have (T2)*U = 

T~, (T~) 'U  = T~,(T~)*V = T~. Also 

(T1)*U -- (T1)*T2,-173,-2T2,-1T4_l/2T3,-1T4. 
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We shall prove that (T1)*U = rz. 

By (P), (T1)*T2T3,-1T2,-1/2 = (T1)*T2,2T3,-1/2T2,-1 hence 
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rs = (rl)*T2,2T~,_l/2T2,-lT, T~,2T,. 

Now, by conjugation, the equality rs = (T,)*U is equivalent to 

(T1)'T2,2Ta,-1/2T, = (TI)*T2,-IT3,-2T2,-IT4,_1/2T3,-3T2. 

We have 

(by P~) 

(by RI) 

(by R1 and R2 ) 

(by (P)) 

(by R2) 

(by(P) 

(by R1 and R2) 

as required. 

(T1)*T2,-1Ta,-2T2,-1n,_l/2T~,-,T2 --- 

(T1)*T2,-1T~,-2T,,_l/2T2,-1T~,-~T2 = 

(T1)*T2,-1T~,-2T,,_I/2T~T2,-~T~,-I= 

( T2 )*T~,-2T,,_l /2 T,~l T2,-~Ta,-1 = 

( T2 )*T,,-2Y,,-1/2T1T2,-,T~,-1 = 

( T2 )*n,-2TI T2,-~T,,_l/2T,,-1 = 

(T1)*T2,2T, T,,_l/2T,,-1 = 

(T1)*T2,2T,,-l12n 

So ~4 is a homomm-phism and  1"4 is an  identity. 

Since T, commutes with T3 and T4,rs commutes with T2 and Ta. 

(r,)*T~ = r ,  by R1 and (P) ~o r ,  c o ~ u t ~  ~ t h  T~. 

Also 

( r , )  2 = (r ,  T2T,)' by R6. 
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Let now n >_ 6 and assume a . - 2  and Tn-z are homomorphisms. Let 

V0= 

Tn-2Tn-3,-1Tn_2,-1/2Tn-z,2Tn-4,-1Tn-3,-2Tn-4,-1Tn-2,-1/2Tn-z,-1Tn-2, 

Vl = (T.-1)*T,.-2T,,-3,-1T,.-2,-1/2T,,-4T,,-3,2T,,-~.  

Let W2 = T,~-IT,~-2Tn-3,-1Tn-2,-1/2Tn-4Tn-3,2 and U2 = (Tn)*W2. Let 

W3 = T,~-1T,.-2T,~-3Tn-4,-1T,,-3,-1/2T,~-2,-1T,~-1,-1 and U3 = (T,,)*W3. 

Let U -- UoUIU2U3. 

We claim that 

( r . _ 5 ) * u  = r . _ 3 ,  (T._4)*U = T. -2 ,  (T._3)*U = T . -1 ,  (T._2)*U = T. .  

By direct computation one can check that 

( 6 . - . ) U  = 6 . -2 ,  (6._~)U = 6.-1,  (6 . -2)U = 6., 

so the last three claims follow from (P). 

Also (e.-5)UoU1 = en-3 and, since UoU1 6 H1, . -1 ,  we have, by (P), 

(F.-5)UoU1 = F . - s .  Furthermore W2,Ws 6 H1, . -1  and 

( e n - 3 ) W 2  --1 = en -5  "~- (1/2)6n-3 = (e,,-5)Tn-4Tn-3,1/2Tn-4,-2 

so by (P), (Fn-s)*W21 = (F,~-s)*T,~-,Tn-s,1/2T.,-4,-2 and (Fn-s)*U2 = Fn-3 

by R2. 

( en_~)W~ -1  = e . _ 5  - ( 1 / 2 ) 6 . - ,  + 6~_.~ = ( e . - ~ ) T n _ , , 1 / 2 T . - ~ , 2  

so by (P) (Y.-s)*W~ -1 = (F.-s)*T,~-4,1/2Tn-a,2 and = by 1t2, 

Thus (F . -5 )*U = F~-3 as required. 

Now composition of r . - 2  with conjugation by U extends ~'n. 

r ,,-s = (F ,~-5 ) *T,,-4T,~_3,1/2 T,~-4,-2 T,~-2 T,~-s,2 Tn-2. 

Therefore 

( r n _  3)* V : ( rn - -3 )*~n- -2~n-1 ,1 /2~n-2 , -2~n~n- -1 ,2~n  ~- r - - - l ,  
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and composition of or,_2 with conjugation by U extends ~r,. 

Since (P,_s) 2 = (rn-sTn-4Tn-s) 4, by induction hypothesis, we have 
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(r . -x)2  = (F . - sT. -2T~-I )4  

by conjugation by U. Since F . - s  commutes with T.-4 and T.-s ,  rn--1 commutes 

with T.-2 and T.-1. 

F o r k < n - 2  

(rn-1)*Tk = (by R2) (I~n-3)*Yn-2Tn_l,1/2Tn-2,-2YkYnTn-l,2Tn 

: (by (P)) (rn_3)*Tn_2Tn_l,1/2Tn-2,-2TnTn-l,2Tn : r , -1 .  

This concludes the proof of Lemma 4.1. | 

4.2 COROLLARY: There exists a split epimorphism pn+2 : Gn+2 ~ Gn+l such ~ 

that pn+2(Tn+l) = F,-1 and Pn+2(Tk) = Tk for k < n q- 1. 

Proof: By Lemma 4.1, p,+2 preserves relations R1-R6.  

We have to prove that ~bn+l is an isomorphism. It follows from 3.6 that for 

every vector 0 ~ v 6 Vn there exists W E G,+I  such that (6n)W = v. Then 

8~ = q~n+I((T,)*W). It is known that transvections 0v generate Sp(n,p), so ~b,+l 

is onto. We shall prove that ~b,+l is a monomorphism. 

Suppose A E ker~bn+l. Gn+I is generated by T1,T2,... ,Tn. r'n-1 is a conju- 

gate of T1 by an element of H2,n so Gn+l is also generated by T2,... ,Tn,Fn-I. 

We can write A as a word in letters T2,... ,T,,  I',_1 : A = W(T2, . . . ,  T,, I',_1). 

Let A1 = W(T2, . . . ,T , ,T ,+I )  E G.+2. Let p.+2 : Gn+2 ~ Gn+I be the epi- 

morphism defined in 4.2. Then pn+2(T,+~) = rn-1, p,+2(A1) = A. | 

4 .3  LEMMA: A = I .  

Proof: Consider the commutative diagram of section 2 with n replaced by n + 2. 

P n - 2  
1 --* kerpn+2 ~ Gn+2 ~ G . + I  --* 1 

~nlkerpn+2 ~ ~bn+2 ~, ~nq-1 ~, 
p~ 

1 -* kerp' --, S p ~ ( n + l , F )  --* Sp~(n,F)  ~ 1 

We have ~n+lPn+2 = p'~n+2. Thus  ~n+2(A1) C ke rp ' .  Therefore (~n+l)A1 -~ 

~n+l "~ ae,+l  and, since A1 E H2,n+l, the coefficient of 51 in (~n+I)A1 equals 

zero. So (din+l)A1 = 6,+1. Let D = T1T2""Tn+I E G.+2. (6n+l)D = 
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~, ,D-IH2, ,+:D -- H: , , .  In particular A2 = (A:)*D • Hi, , ,  and (6,)A2 --- ~,. 

By Proposition 3.1, A2 • H, hence A1 • DHD -1, which is generated by 

T2,Ts , . . . ,T , -1 ,  DSD-1,T,+I ,  where 

=T, * S = (T.)*T.-:,-IT.-a,-2T.-I,-1, DSD-: (.+I) T.,-IT.-I,-2T.,-I. 

Now pr~..l-2(Tn..l-1) ~- I~n-1 E HI,.-1, and 

pn+2(DSD -1) = (rn-l)*Tn,-1Tn-1,-2Tn,-1 

- *T, - ( r , - s )  , -2T,-1,-1T,-2,-1/2 E H:, ,-1.  

Therefore p,+2(A1) = A E Hi,n-1. But ~b,+l restricted to Hi,n-1 is a monomor- 

phism, hence A = 1. 

This concludes the proof of Theorem 1. | 
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